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Sesavali 

Seqceuli stoqastur-diferencialuri gantolebebis (BSDE) Teoria 

warmoadgens efeqtur iaraRs finansuri aqtivebis fasdadebisa da hejirebis 

problemis Seswavlasa  da stoqasturi marTvis amocanebSi optimaluri strategiebis 

agebaSi. wrfivi BSDE SemoiRo bismuTma [4] 1978 wels stoqasturi maqsimumis 

principis SeuRlebuli procesebisaTvis. arawrfivi BSDE pirvelad 1983 wels 

Seiswavla r. CitaSvilma [9], rodesac gamoiyvana belmanis gantolebis stoqasturi 

analogi optimaluri marTvis garkveuli tipis amocanebisaTvis. 1990 wels pardum 

da pengma [31] ganixiles zogadi saxis BSDE da daamtkices amonaxsnis arseboba da 

erTaderToba, rodesac generatori akmayofilebs lifSicis pirobas. lifSicuri 

tipis Seqceuli gantolebebi bunebrivad Cndeba finansuri maTematikisa da 

optimaluri marTvis amocanebSi, Tumca umravles SemTxvevebSi saWiro xdeba ufro 

zogadi tipis generatoris mqone BSDE-s ganxilva. gamoyenebebis iseT sferoebSi, 

rogorebic aris hejirebis da investirebis amocanebi da riskisadmi mgrZnobiare 

marTvis amocanebi, generatoris lifSicuri struqtura ar aris sakmarisi da 

bunebrivad Cndeba kvadratul generatoriani Seqceuli gantolebebi. aseTi tipis 

gantolebebi pirvelad Seiswavles kobilanskim (1997) [22] da lepeltierma da san 

martinma (1998) [25] vineris filtraciis SemTxvevaSi da SemosazRvruli sasazRvro 

pirobiT. 2008 wels maTi Sedegebi ganzogadebul iqna morlesis [30] da TevzaZis 

[32] mier uwyveti martingalebisaTvis. amis Semdgom 2009 wels vineris filtraciis 

SemTxvevaSi braiandma da hum [5] erTganzomilebiani kvadratuli BSDE-sTvis 

ganazogades arsebobis Sedegi SemousazRvreli sasazRvro pirobiT. 2011 wels 

delbaenma, hum da riCoum [11] vineris filtraciis SemTxvevaSi ganixiles 

kvadratulad mzardi amozneqil generatoriani BSDE. amozneqili funqciebis 

leJandr-freSes gardaqmniT maT aCvenes, rom aseTi gantolebis nebismieri amonaxsni 

SeiZleba warmodgindes rogorc garkveuli optimizaciis amocanis fasis funqcia, rac 

avtomaturad amtkicebs amonaxsnis erTaderTobas aseTi tipis gantolebebisaTvis. 

sadisertacio naSromSi Seswavlilia kvadratuli zrdis, amozneqil genera-

torian Seqceul stoqastur-diferencialur gantolebebi. damtkicebulia amonaxsnis 

arseboba da erTaderToba uwyvet martingalur dasmaSi (Teorema 2.1, Teorema 2.2 da 

Teorema 2.3). naSromis siaxlea amonaxsnis arsebobis damtkiceba Seqceuli 

gantolebisaTvis, romlis mamoZravebeli SemousazRvreli maxasiaTeblis mqone 

uwyveti martingalia da amasTan iseTi optimizaciis amocanis ageba (povna), romlis 

Sesabamisi fasis procesi akmayofilebs am gantolebas. aRvniSnoT, rom Cvens mier 

ganxiluli optimizaciis amocana da dasaSveb marTvaTa klasi gansxvavdeba [11]-Si 

gansazRvruli optimizaciis amocanisagan, Tumca Sesabamisi fasis procesebi erTmaneTs 
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emTxveva. [11]-sagan gansxvavebiT Cven viyenebT amozneqili funqciis wrfiv momvlebs da 

amaTan Cvens mier ganxiluli optimizaciis amocanisaTvis optimaluri marTva 

sazogadod ar arsebobs, ramac saSualeba mogvca dagvemtkicebina arsebobis Sedegi 

generatorTa ufro farTo klasisaTvis. yovelive amas SegviZlia SevxedoT rogorc 

damtkicebis meTods, rodesac aramarkovuli optimizaciis amocanis fasis procesi 

akmayofilebs Sesabamis Seqceul gantolebas im SemTxvevaSic, rodesac optimaluri 

marTva SeiZleba ar arsebobdes. amasTan, zemoxsenebuli Seqceuli gantolebisaTvis, 

davamtkiceT amonaxsnis erTaderToba ZiriTad Teoremaze (Teorema 2.1) damatebiTi 

daSvebebis safuZvelze. 

kvadratulad mzardi, amozneqil generatoriani Seqceul stoqastur-

diferencialuri gantolebebis amonaxsnis arsebobisa da erTaderTobis Teoremebs 

viyenebT wrfivi regulatoris (LQR) amocanis amosaxsnelad zogad martingalur 

dasmaSi. (LQR) amocanisTvis gamoyvanilia Sesabamisi Seqceuli gantoleba da 

optimalur marTvas aRvwerT am gantolebis erTaderTi amonaxsnis saSualebiT 

(Teorema 3.1).      

Cvens midgomebSi arsebiTad viyenebT BMO martingalebis Tvisebebsa da BMO 

normebis Sefasebebs. BMO martingalebis Teoria intensiurad gamoiyeneba Seqceuli 

gantolebebis Sesaswavlad. BMO martingalebis zogierTi Tviseba gamoiyena bismuTma 

[4], rodesac man rikatis Seqceuli gantolebisaTvis arsebobisa da erTaderTobis 

sakiTxebis Seswavlisas, SearCia BMO sivrce amonaxsnis martingaluri nawilisaTvis. 

delbaenis [12] SromebSi hejirebis amocanebsa da wrfiv Seqceul gantolebebTan 

kavSirSi dadgenil iqna semimartingalebis mimarT stoqasturi integralebis    

sivrceSi Caketilobis pirobebi. am pirobebis umravlesoba Camoyalibebulia BMO 

martingalebisa da helderis Seqceuli utolobebis (          ̈    ) terminebSi. 

BMO martingalebi bunebrivad Cndeba kvadratul generatoriani Seqceuli 

gantolebebis Seswavlisas. kvadratuli generatorebis SemTxvevaSi, nebismieri 

SemosazRvruli amonaxsnis martingaluri nawili BMO martingalia. es Sedegi 

damtkicebulia [19, 22, 26, 27, 29, 32]-Si zogadobis sxvadasxva SemTxvevebSi. 

mogvianebiT martingalebis BMO normebi gamoyenebul iqna BSDE-isTvis erTa-

derTobisa da stabilurobis Sedegebis dasamtkiceblad [1, 2, 6, 7, 18, 28, 30, 32].   

rogorc aRvniSneT, kvadratul generatoriani Seqceuli gantolebis nebismieri 

SemosazRvruli amonaxsnis martingaluri nawili BMO martingalia, saidanac 

gamomdinareobs, rom martingaluri nawilis stoqasturi eqsponenta Tanabrad 

integrebadi martingalia. SevniSnoT, rom aseTi gantolebis SemousazRvreli 

amonaxsnis martingaluri nawili sazogadod ar aris BMO klasSi. Tumca Cven 

davamtkiceT, rom Tu kvadratul generatoriani Seqceuli gantolebis amonaxsni 
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garkveul eqsponencialur xarisxSi integrebadia, maSin misi martingaluri nawilis 

stoqasturi eqsponenta iqneba Tanabrad integrebadi martingali.  

pirvel TavSi mocemulia BMO martingalebis ramodenime klasikuri Sedegis 

axleburi damtkiceba: Tavdapirvelad, Seqceuli gantolebebis teqnikis gamoyenebiT, 

moyvanilia axali daxasiaTeba helderis Seqceuli utolobisa da makenhauftis 

utolobisaTvis, romlebic martingalebis BMO Tvisebis eqvivalenturia. es 

Tvisebebi iwvevs Sesabamisi stoqasturi eqsponentis Tanabrad integrebadobas da 

iZleva girsanovis gardaqmnis saSualebiT zomis Secvlis SesaZleblobas. amis 

Semdgom Seqceuli gantolebebis teqnikis gamoyenebiT davamtkicebT, rom girsanovis 

gardaqmna warmoadgens izomorfizms BMO sivrceebs Soris maSin, rodesac zomis 

momcemi martingali BMO martingalia. garda amisa damtkicebis am gzam saSualeba 

mogvca gagveumjobesebina izomorfizmis utolobis mudmivi, zomis momcemi 

martingalis normis yvela mniSvnelobisaTvis. 

naSromis ZiriTadi Sedegebis Camosayalibeblad ganvsazRvroT ZiriTadi 

obieqtebi da moviyvanoT ramodenime ganmarteba.  

vTqvaT mocemulia albaTuri sivrce filtraciiT      {  }          

davuSvaT, rom  -algebrebis nakadi aris sruli da marjvnidan uwyveti.  

ganvixiloT Semdegi saxis Seqceuli stoqastur-diferencialuri gantoleba 

      :  

{
      ∫        〈 〉 

 

 

 ∫     

 

 

   

    

                                              

sadac generatori   [   ]           aris zomadi funqcia da yoveli  -Tvis 

            aris Wvretadi;     -zomadi SemTxveviT sididea, xolo {  }      

mocemuli lokalurad kvadratiT integrebadi martingalia {  }      filtraciis 

mimarT. wyvils        vuwodebT (1) gantolebis parametrebs. 

ganmarteba 1.1 (1) gantolebis amonaxsns vuwodebT sameuls        , sadac 

{  }      specialuri semimartingalia; {  }      Wvretadi,  -integrebadi procesia; 

{  }       -is orTogonaluri lokaluri martingalia da amasTan sameuli         

akmayofilebs (1) gantolebas.  

xSirad (1) gantolebis amonaxsns vuwodebT mxolod  -s, imis gaTvaliswinebiT, 

rom ∫      warmoadgens   semimartingalis martingalur nawils.  
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 amjerad moviyvanoT BMO martingalis, helderis Seqceuli pirobis da 

makenhauftis pirobis ganmartebebi:  

 ganmarteba 1.2 vityviT, rom uwyveti   martingali aris BMO klasSi, Tu  

 

   
 

‖ [〈 〉  〈 〉 |  ]‖     

sadac     aRebulia yvela   gaCerebis momentis mimarT:          

 SemTxveviT process          (   
 

 
〈 〉 ) ewodeba   martingalis 

stoqasturi eqsponenta. simartivisaTvis SemovitanoT aRniSvna:         

          ⁄    

 cnobilia, rom Tu   lokaluri martingalia, maSin      aseve aris 

lokaluri martingali. kazamakim [21] daamtkica, rom Tu   BMO martingalia, maSin 

     iqneba Tanabrad integrebadi martingali. Sesabamisad      gansazRvravs axal 

albaTur zomas:   ̃            xolo girsanovis Teoremis Tanaxmad  ̃  〈 〉    

iqneba lokaluri martingali  ̃ zomis mimarT.  

 ganmarteba 1.3 davuSvaT        vityviT, rom      akmayofilebs helderis 

Seqceul pirobas     , Tu Semdegi utoloba 

 [{       }
 
|  ]     

sruldeba yoveli   gaCerebis momentisaTvis, sadac mudmivi    damokidebulia 

mxolod  -ze. 

 SevniSnoT, rom Tu      Tanabrad integrebadi martingalia, maSin iensenis 

utolobis Tanaxmad gveqneba, rom  [{       }
 
|  ]     

      pirobis dualuri aris makenhauftis      piroba. 

ganmarteba 1.4 vityviT, rom      akmayofilebs      pirobas      -Tvis 

Tu arsebobs iseTi mudmivi     , rom yoveli   gaCerebis momentisaTvis adgili 

aqvs Semdeg utolobas: 

 [{       }
  

 
   |   ]      

radgan      warmoadgens supermartingals, iensenis utolobis gamoyenebiT 

miviRebT Sebrunebul utolobasac: 
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 [{       }
  

 
   |   ]  { [       |  ]}

  
 

       

Semdegi lema, romelic damtkicebulia pirvel TavSi, amyarebs kavSirs Seqceul 

gantolebebs, helderis Seqceul pirobasa da makenhauftis pirobas Soris: 

lema 1.1  davuSvaT   uwyveti lokaluri martingalia. 

a)      akmayofilebs     -s, maSin da mxolod maSin, rodesac arsebobs Semdegi 

    -s dadebiTi da SemosazRvruli amonaxsni: 

{
      ∫[

      

 
      ]  〈 〉 

 

 

 ∫     

 

 

   

     

                               

b)      akmayofilebs     -s, maSin da mxolod maSin, rodesac arsebobs Semdegi 

    -s dadebiTi da SemosazRvruli amonaxsni: 

{
      ∫[

 

       
    

 

   
  ]  〈 〉 

 

 

 ∫     

 

 

   

     

                      

 Seqceuli gantolebebis Tvisebebis gamoyenebiT aseve davamtkicebT cnobil 

eqvivalentobebs martingalebis BMO Tvisebasa da makenhauftis da helderis 

Seqceul pirobebs Soris (doleans-dedi da meieri [15], kazamaki [21]). Sedegad Cven 

miviRebT BMO normebis Sefasebebs makenhauftis da helderis Seqceuli pirobebis 

mudmivebis meSveobiT. yovelive es asaxulia pirveli Tavis Teorema 1.1-Si.  

 Teorema 1.1  davuSvaT      Tanabrad integrebadi martingalia. maSin Semdegi 

oTxi piroba erTmaneTis eqvivalenturia: 

           ̃       ̃   

              akmayofilebs      pirobas romelime    -Tvis. 

                   

             akmayofilebs      pirobas romelime    -Tvis. 

 cnobilia, rom Tu   BMO martingalia, maSin asaxva              ̃  

〈   〉       ̃  warmoadgens izomorfizms        da      ̃  sivrceebs Soris, 

sadac   ̃           kazamakis [20, 21] mier damtkicebuli iyo, rom utoloba  

‖ ̃‖
     ̃  

   ( ̃)  ‖ ‖                                                          
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samarTliania yoveli         -Tvis, sadac mudmivi   ( ̃)    damoukidebelia  -

isgan, magram damokidebulia   martingalze. Sesabamisi     -s Tvisebebis 

gamoyenebiT Cven davamtkicebT, rom samarTliania (4) utoloba    ̃  mudmivisTvis, 

romelsac warmovadgenT, rogorc  ̃  〈 〉   -is      ̃  normis wrfiv funqcias 

da romelic naklebi iqneba   ( ̃)-ze  ̃-is normis yoveli mniSvnelobisaTvis. es 

Sedegi damtkicebulia pirveli Tavis Teorema 1.2B-Si. 

 Teorema 1.2  Tu          , maSin         ̃ warmoadgens izomorfizms 

       da      ̃  sivrceebs Soris da yoveli         -Tvis adgili aqvs 

Semdeg ormxriv utolobas: 

 

(  
√ 
 

‖ ‖      )

‖ ‖       ‖ ̃‖
     ̃ 

 (  
√ 

 
‖ ̃‖

     ̃ 
) ‖ ‖                   

 SevadaroT Cvens mier miRebuli  ( ̃)    
√ 

 
‖ ̃‖

     ̃ 
 mudmivi kazamakis 

[20, 21]   ( ̃) mudmivs (4)-dan. radganac   ̃ [{    ( ̃)}
  

 

   |   ]   , amitom   ( ̃) 

mudmivi metia √  -ze, sadac   iseTia, rom sruldeba utoloba: ‖ ̃‖
     ̃ 

 

√ (√   )  es ukanaskneli eqvivalenturia Semdegi utolobis 

  (  
√ 

 
‖ ̃‖

     ̃ 
)
 

, saidanac miviRebT, rom rogorc minimum   ( ̃)  
 

 
  

 ( ̃)  

 (5) utolobidan gamomdinareobs Semdegi martivi Sedegi, romelsac ver 

gamoviyvanT (4) utolobidan. 

 Sedegi.  davuSvaT             aris        martingalebis mimdevroba iseTi, 

rom       ‖  ‖          SemoviRoT zomebi         
     da  ̃  〈    〉     

maSin yoveli         -Tvis adgili aqvs tolobas: 

   
   

‖ ̃ ‖
       

 ‖ ‖        

 meore TavSi ganvixilavT (1) tipis Seqceul gantolebas, kvadratuli da 

amozneqili generatoris SemTxvevaSi. aseTi gantolebisaTvis davamtkicebT amonaxsnis 

arsebobasa da erTaderTobas, rodesac martingalis kvadratuli maxasiaTebeli da 

sasazRvro piroba eqsponencialur xarisxSia integrebadi. amonaxsnis arsebobis 

Sedegi mocemulia Teorema 2.1-Si. 

 Teorema 2.1  davuSvaT {  }      filtracia uwyvetia da   BMO martingalia. 

amasTan parametrebi       akmayofileben Semdeg pirobebs: 
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1)  yoveli      -Tvis           uwyveti da amozneqili funqciaa. 

2)  arsebobs iseTi arauaryofiTi Wvretadi procesi    da mudmivi    , rom 

∫        da yoveli        -Tvis adgili aqvs utolobas: 

|        |        
 

 
    

3)        ∫    〈 〉 
 
    da   ∫        〈 〉 

 

 
    romeliRac    -Tvis. 

 maSin arsebobs (1) gantolebis amonaxsni            , romelic Semdegi saxiT 

warmoidgineba: 

          
   

 [    (∫  
      )(  ∫ [          

         ] 〈 〉 

 

 

)|   ] 

sadac   aris SemosazRvrul da Wvretad marTvaTa klasi. 

 damtkicebis ZiriTadi idea SemdegSi mdgomareobs: lema 2.16-is (ix. danarTi) 

Tanaxmad  -is amozneqilobidan gamomdinare adgili aqvs tolobas: 

               
   

[          
              ]  

 ganvixiloT wrfivi      

{
      ∫[          

              ] 〈 〉 

 

 

 ∫     

 

 

   

     

                           

yoveli    -Tvis (6) gantolebas gaaCnia erTaderTi amonaxsni           , romlis 

pirvel komponents aqvs saxe: 

  
    [  ∫ [          

         ] 〈 〉 

 

 

|   ] 

sadac    aRniSnavs pirobiT maTematikur lodins        ∫   
          zomis 

mimarT. Cveni mizania davamtkicoT, rom fasis procesi 

          
   

  
  

warmoadgens (1) gantolebis amonaxsns. 
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 Tavdapirvelad amas vaCvenebT im SemTxvevaSi, rodesac   〈 〉  da ∫    〈 〉 
 

 
 

SemosazRvruli SemTxveviTi sidideebia, xolo zRvarze gadasvliT davasrulebT 

Teorema 2.1-is damtkicebas. 

 rogorc zemoT aRvniSneT amozneqil da kvadratul generatoriani Seqceuli 

gantolebebisaTvis delbaenma, hum da riCoum [11] daamtkices amonaxsnis erTaderToba 

vineris filtraciis SemTxvevaSi. imave meTodis gamoyenebiT davamtkicebT erTader-

Tobis Sedegs SemousazRvrel maxasiaTebliani uwyveti martingalebisaTvis. 

(1) gantolebis amonaxsnis erTaderTobas davamtkicebT amonaxsnTa klasSi: 

  {                (   ∫  〈 〉)
 

           } 

sadac     da        

 Teorema 2.3  Tu damatebiT Teorema 2.1-is pirobebisa sruldeba piroba 

   (   ∫  〈 〉)
 

    

sadac    , maSin fasis procesi   amonaxsnTa   klasSi warmoadgens (1) 

gantolebis erTaderT amonaxsns. 

 amonaxsnis arsebobisa da erTaderTobis Teoremebs (Teorema 2.1 da Teorema 

2.3) gamoviyenebT wrfivi regulatoris amocanis (LQR) amosaxsnelad zogad 

martingalur dasmaSi (ix. Tavi 3). davuSvaT   gadawyvetilebebis simravlea da   

uwyveti lokaluri martingalia. yovel    -s SevusabamebT lokalur martingals 

       marTvebi aris Wvretadi asaxvebi      [   ]     da Sesabamisi albaTuri 

zomebi ganisazRvreba Semdegnairad         
    , sadac   

  ∫      
 

 
 (aq   

marTvebi aRebulia iseTnairad, rom     
   Tanabrad integrebadi martingalia). 

davuSvaT mimdinare mogebis funqcias aqvs saxe                     da 

ganvixiloT optimizaciis amocana 

   
 

  [  ∫ [           
 ] 〈 〉 

 

 

] 

sadac     warmoadgens dasaSveb marTvaTa klass, xolo      -zomadi SemTxveviTi 

sididea. davuSvaT  

          
 

  [  ∫ [           
 ] 〈 〉 

 

 

|   ] 
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warmoadgens (LQR) amocanis fasis process. mis Sesabamis Seqceul gantolebas eqneba 

saxe: 

{
      ∫[     

 

     
  

 ]  〈 〉 

 

 

 ∫     

 

 

   

     

 

SevniSnoT, rom am SemTxvevaSi ar sruldeba          〈 
 〉  -is lokalurad Semosaz-

Rvrulobis piroba da Sesabamisi     -sTvis amonaxsnis arseboba da erTaderToba ar 

gamomdinareobs r. CitaSvilis [9] Sedegidan. magram SegviZlia gamoviyenoT zemoaRniS-

nuli arsebobis da erTaderTobis Teoremebi. Sesabamisad Tuki sruldeba pirobebi 

          ∫ | |       

           (   ∫ | | 〈 〉)
 

   da   ∫      〈 〉 
 

 
       

sadac   
 

  
 da        romeliRac    -Tvis, maSin arsebobs () gantolebis 

erTaderTi amonaxsni ( ̃    )  sadac pirvel komponenti  ̃ emTxveva fasis process, 

xolo optimaluri marTva iqneba 
 

  
.   
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T a v i  1 

BMO martingalebSi ramodenime klasikuri Sedegis  

axleburi damtkiceba BSDE-s gamoyenebiT  

 am TavSi BSDE–s gamoyenebiT davamtkicebT ramodenime klasikur Sedegs BMO 

martingalebis TeoriaSi. SemoviRebT ra ZiriTad obieqtebsa da ganmartebebs, 

davamyarebT kavSirebs BMO martingalebis sxvadasxva maxasiaTeblebsa da Seqceul 

gantolebebs Soris. 

 SemoviRoT ZiriTadi albaTuri sivrce        , drois sasruli intervali 

      da filtracia            , romelic akmayofilebs sisrulisa da 

marjvnidan uwyvetobis pirobebs. 

 am TavSi davuSvebT, rom   aris uwyveti lokaluri martingali iseTi, rom 

〈 〉        - T. y. amis Sedegad ki gveqneba, rom             – T. y. yoveli 

  [   ]-Tvis, rac saSualebas gvaZlevs ganvsazRvroT         rogorc         

          ⁄   

 

$ 1.1 makenhauftis da helderis Seqceuli pirobebis  

kavSirebi Seqceul gantolebebTan 

 Tavdapirvelad moviyvanoT BMO martingalis, makenhauftis pirobis da 

helderis Seqceuli pirobis ganmartebebi (ix. mag. doleans dedi da meieri [15], an 

kazamaki [21]). 

ganmarteba 1.2 vityviT, rom uwyveti lokaluri martingali   aris BMO 

klasSi, Tu  

   
 

‖ [〈 〉  〈 〉 |  ]‖     

sadac     aRebulia yvela   gaCerebis momentis mimarT:          

 ganmarteba 1.3 davuSvaT        vityviT, rom      akmayofilebs helderis 

Seqceul pirobas     , Tu Semdegi utoloba 

 [{       }
 
|  ]     
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sruldeba yoveli   gaCerebis momentisaTvis, sadac mudmivi    damokidebulia 

mxolod  -ze. 

 SevniSnoT, rom Tu      Tanabrad integrebadi martingalia, maSin iensenis 

utolobis Tanaxmad gveqneba, rom  [{       }
 
|  ]     

      pirobis dualuri aris makenhauftis      piroba. 

ganmarteba 1.4 vityviT, rom      akmayofilebs      pirobas      -Tvis 

Tu arsebobs iseTi mudmivi     , rom yoveli   gaCerebis momentisaTvis adgili 

aqvs Semdeg utolobas: 

 [{       }
  

 
   |   ]      

gamomdinare iqidan, rom      supermartingalia, iensenis utolobis 

gamoyenebiT miviRebT piriqiT utolobasac: 

 [{       }
  

 
   |   ]  { [       |  ]}

  
 

       

 am TavSi ganvixilavT mxolod Semdegi tipis wrfiv BSDE-s: 

{
      ∫[       ] 〈 〉 

 

 

 ∫     

 

 

    

     

                                          

sadac   da   mudmivebia. 

lema 1.1  davuSvaT   uwyveti lokaluri martingalia. maSin 

a)      akmayofilebs     -s, maSin da mxolod maSin, rodesac arsebobs Semdegi 

    -s dadebiTi da SemosazRvruli amonaxsni: 

{
      ∫[

      

 
      ]  〈 〉 

 

 

 ∫     

 

 

   

     

                                 

b)      akmayofilebs     -s, maSin da mxolod maSin, rodesac arsebobs Semdegi 

    -s dadebiTi da SemosazRvruli amonaxsni: 
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{
      ∫ [

 

       
    

 

   
  ]  〈 〉 

 

 

 ∫     

 

 

   

     

                           

 damtkiceba:  a)  Tavdapirvelad vaCvenoT, rom Tu      akmayofilebs     -s, 

maSin procesi     [{       }
 
|  ] iqneba (8) gantolebis dadebiTi da 

SemosazRvruli amonaxsni. cxadia, rom   dadebiTi da SemosazRvruli procesia da 

  {     }  Tanabrad integrebadi martingalia. amasTan, radganac        , amitom   

iqneba specialuri semimartingali. davuSvaT             warmoadgens  -is 

kanonikur gaSlas, sadac   lokalurad kvadratiT integrebadi martingalia, xolo 

  Wvretadi, sasruli variaciis procesia. Tu  -isTvis visargeblebT kunita-

vatanabes gaSliT, miviRebT, rom   

         ∫      

 

 

                                                     

sadac    -is orTogonaluri lokaluri martingalia. 

 itos formulis gamoyenebiT miviRebT, rom  

  {     }     ∫ [
      

 
      ] {     }  〈 〉 

 

 

 ∫ {     }    

 

 

  ̃              

sadac  ̃  lokaluri martingalia. 

 radganac   {     }  martingalia, amitom Tu (11)-Si sasruli variaciis 

nawilebs gavutolebT 0-s, miviRebT, rom  

    ∫ [
      

 
      ]  〈 〉 

 

 

  

saidanac gamomdinareobs, rom     [{       }
 
|  ] aris (8) gantolebis amonaxsni. 

 amjerad davuSvaT, rom (8) gantolebas gaaCnia dadebiTi da SemosazRvruli 

amonaxsni   .   {     } -Tvis itos formulis gamoyenebiT miviRebT, rom   {     }  

lokaluri martingalia. Sesabamisad iqneba supermartingali, rogorc dadebiTi loka-

luri martingali. amitom supermartingaluri utolobidan da      pirobidan 

gveqneba, rom  [{       }
 
|  ]       -is SemosazRvrulobidan ki miviRebT, rom      

akmayofilebs      pirobas.   
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b)  damtkiceba analogiuria a) nawilis damtkicebisa, Tu   sidides CavanacvlebT 

 
 

   
 sididiT. 

lema 1.1 damtkicebulia. 

 davuSvaT      Tanabrad integrebadi martingalia. SemovitanoT axali 

albaTuri zoma   ̃          da  ̃  〈 〉     

 Semdeg TeoremaSi axleburad davamtkicebT cnobil eqvivalentobebs martin-

galebis BMO Tvisebasa da makenhauftis da helderis Seqceul pirobebs Soris. 

 Teorema 1.1  davuSvaT      Tanabrad integrebadi martingalia. maSin Semdegi 

oTxi piroba erTmaneTis eqvivalenturia: 

           ̃       ̃   

              akmayofilebs      pirobas romelime    -Tvis. 

                   

             akmayofilebs      pirobas romelime    -Tvis. 

 damtkiceba: simartivisaTvis aq mocemul yvela damtkicebaSi davuSvebT, rom 

stoqasturi integralebi martingalebia, radgan winaaRmdeg SemTxvevaSi SegviZlia 

lokalizaciis meTodis gamoyeneba. sanam uSualod damtkicebaze gadavidodeT, 

SemoviRoT (7) gantolebis amonaxsnTa specialuri klasi: ganvixiloT (7) gantolebis 

amonaxsni          〈   〉                     sivrcidan, romelic 

aRWurvilia Semdegi normebiT: 

‖ ‖  ‖  
 ‖  , sadac   

       [   ] |  |  

‖   ‖          
 

‖ [∫   
  〈 〉 

 

 

|   ]

   

‖

 

  

‖ ‖       [ ]   

sadac [ ] aris   martingalis ofcionaluri kvadratuli maxasiaTebeli. SevniSnoT, 

rom radganac   uwyveti martingalia, amitom naxtomebi SeiZleba gaaCndes (7) 

gantolebis mxolod ukanasknel wevrs, anu        imisaTvis, rom Tavi avaridoT 

marjvnidan uwyveti martingalebisaTvis BMO normis ganmartebas, orTogonaluri 

martingaluri nawilisaTvis viyenebT    normas. es sakmarisia Cveni miznebisaTvis, 

radgan gansaxilveli gantolebis generatori araa damokidebuli orTogonalur 

martingalur nawilze. 
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davuSvaT  ̃       ̃ . lema 1.1-is Tanaxmad sakmarisia vaCvenoT, rom (8) gantolebas 

romeliRac    -Tvis gaaCnia dadebiTi da SemosazRvruli amonaxsni. gadavweroT (8) 

gantoleba  ̃-is terminebSi, romelic warmoadgens  ̃ martingals: 

{
      ∫[

      

 
          ]  〈 ̃〉 

 

 

 ∫    ̃ 

 

 

    

     

                        

radganac 〈   〉   , amitom girsanovis Teoremis Tanaxmad   iqneba  ̃-is 

orTogonaluri lokaluri  ̃ martingali. 

ganvsazRvroT asaxva          ( ̃)    ( ̃)           ̃      ̃ , 

romelic yovel                 ̃      ̃  asaxavs        -Si, sadac 

     ̃ [  ∫ [
      

 
          ]  〈 ̃〉 

 

 

|   ]  

 ∫     ̃ 

 

 

      ̃ [  ∫ [
      

 
          ]  〈 ̃〉 

 

 

|   ]   

 

   ̃ [  ∫ (
      

 
          ) 〈 ̃〉 

 

 

]  

Cven vaCvenebT, rom arsebobs iseTi    , rom   iqneba kumSvadi asaxva.  

SemoviRoT aRniSvnebi: 

                                                     

cxadia, rom       da  

        ∫ [
      

 
            ]  〈 ̃〉 

 

 

 ∫      ̃ 

 

 

      

Tu      
       

 -Tvis gamoviyenebT itos formulas, xolo Semdeg aviRebT pirobiT 

maTematikur lodinebs, miviRebT tolobas: 

     
    ̃ [∫      

  〈 ̃〉 

 

 

|   ]    ̃[[  ]  [  ] |  ]   

   ̃ [∫              〈 ̃〉 

 

 

|   ]    ̃ [∫              〈 ̃〉 

 

 

|   ]  
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Tu ukanasknel tolobaSi gamoviyenebT elementaruli utolobebis Tvisebebs, 

miviRebT: 

     
    ̃ [∫      

  〈 ̃〉 

 

 

|   ]    ̃[[  ]  [  ] |  ]   

 
      

 
‖ ̃‖

     ̃ 

 
 ‖  ‖ 

  
      

 
‖ ̃‖

     ̃ 

 
 ‖  ‖ 

   

      ‖ ̃‖
     ̃ 

 
 ‖  ‖ 

       ‖∫    ̃‖
     ̃ 

 

  

gamomdinare iqidan, rom utolobis marjvena mxare araa damokidebuli  -ze, gveqneba: 

‖  ‖ 
  ‖∫    ̃‖

     ̃ 

 

 ‖  ‖
    ̃ 
   

 
       

 
‖ ̃‖

     ̃ 

 
 ‖  ‖ 

  
       

 
‖ ̃‖

     ̃ 

 
 ‖  ‖ 

   

       ‖ ̃‖
     ̃ 

 
 ‖  ‖ 

        ‖∫    ̃‖
     ̃ 

 

  

aqedan ki martivad miviRebT utolobas: 

(  
       

 
‖ ̃‖

     ̃ 

 
       ‖ ̃‖

     ̃ 

 
) ‖  ‖ 

   

 ‖∫    ̃‖
     ̃ 

 

 ‖  ‖
    ̃ 
   

 
       

 
‖ ̃‖

     ̃ 

 
 ‖  ‖ 

        ‖∫    ̃‖
     ̃ 

 

                     

rodesac   sakmarisad axlosaa erTTan, maSin   
 

 
          ‖ ̃‖

     ̃ 

 
  . 

amitom erTTan sakmarisad axlos myofi  -Tvis (13) utolobaSi ‖  ‖ 
 -s eqneba 

dadebiTi koeficienti. yovelive amis gaTvaliswinebiT sabolood miviRebT Semdeg 

utolobas: 

‖  ‖ 
  ‖∫    ̃‖

     ̃ 

 

 ‖  ‖
    ̃ 
       ‖  ‖ 

       ‖∫    ̃‖
     ̃ 

 

          

sadac  
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       ‖ ̃‖

     ̃ 

 

             ‖ ̃‖
     ̃ 

                    
      

             ‖ ̃‖
     ̃ 

   

advili Sesamowmebelia, rom                          amitom, Tu aviRebT iseT 

  -s, rom         da        , miviRebT, rom arsebobs iseTi      , rom 

adgili aqvs utolobas:  

‖  ‖ 
  ‖∫    ̃‖

     ̃ 

 

 ‖  ‖
    ̃ 
   

  (‖  ‖ 
  ‖∫    ̃‖

     ̃ 

 

 ‖  ‖    ̃ 
 )                                      

yoveli                 ̃      ̃ -Tvis. 

 anu miviReT, rom   aris kumSviTi asaxva da arsebobs e. w. uZravi wertili 

       , romelic         ̃      ̃  klasSi iqneba (8) gantolebis erTaderTi 

amonaxsni.  

 radganac      da             -s klebadi funqciebia, amitom rogorc  -s 

funqciebi ‖ ‖  da ‖   ‖     ̃  Tanabrad SemosazRvrulebia, rodesac   [    ]. 

amitom yoveli   [    ]-Tvis gveqneba: 

     ̃ [  ∫ [
      

 
          ]  〈 ̃〉 

 

 

|   ]                                

xolo rodesac   sakmarisad axlosaa erTTan, miviRebT 

     
      

 
‖ ‖ ‖ ̃‖

     ̃ 

 
 

   

 
‖ ̃‖

     ̃ 

 
 

   

 
‖   ̃‖

     ̃ 

 
    

anu romeliRac    -Tvis arsebobs (8) gantolebis dadebiTi da SemosazRvruli 

amonaxsni, rac lema 1.1-is Tanaxmad, eqvivalenturia     -isTvis      pirobis 

Sesrulebisa. 

         

davuSvaT      Tanabrad integrebadi martingalia da romeliRac    -Tvis akmayo-

filebs      pirobas. maSin procesi     [{       }
 
|  ] iqneba (8) gantolebis 

amonaxsni da daakmayofilebs Semdeg ormxriv utolobas:  
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Tu            -Tvis gamoviyenebT itos formulas, xolo Semdeg aviRebT pirobiT 

maTematikur lodinebs, miviRebT tolobas: 

           
      

 
 [∫    

     〈 〉 

 

 

|   ]   

  [∫      (
  

 
  

      ) 〈 〉 

 

 

|   ]  
  

 
 [∫       〈  〉 

 

 

|   ]   

  [ ∑ (                       )

     

|   ]  

gamomdinare iqidan, rom 
  

 
  

        
  

 
 da                          , 

miviRebT Semdeg utolobas 

 

 
 [∫                   〈 〉 

 

 

|   ]             

(17) utolobidan gamomdinareobs, rom yoveli   
 

   
-Tvis  

 

 
                [〈 〉  〈 〉 |  ]                                         

radgan (18) utolobis marjvena mxare araa damokidebuli  -ze, amitom gveqneba 

‖ ‖      
  

    (    )    

           
  

         

davuSvaT         . lema 1.1-is Tanaxmad sakmarisia vaCvenoT, rom (9) gantolebas 

romeliRac    -Tvis gaaCnia dadebiTi da SemosazRvruli amonaxsni. es faqti 

damtkicdeba        gamomdinareobis analogiurad. imave meTodebiT vaCvenebT, rom 

sakmarisad didi  -Tvis   iqneba kumSviTi asaxva. am SemTxvevaSi yovel         

               -s Seesabameba        , sadac 

    [  ∫ [
 

       
   

 

   
  ]  〈 〉 

 

 

|   ]  

xolo  ∫      
 

 
    warmoadgens  -is martingalur nawils. am SemTxvevaSi (14) 

utoloba miiRebs saxes 
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‖  ‖ 
  ‖∫    ‖

      

 

 ‖  ‖     
       ‖  ‖ 

       ‖∫    ‖
      

 

  

sadac  

     
  ‖ ‖      

 

              ‖ ‖      
                    

      

              ‖ ‖      
   

advili SesamCnevia, rom                          anu SegviZlia   imdenad didi 

aviRoT, rom        da       . 

       

damtkiceba analogiuria          gamomdinareobis da amitom mxolod mokle 

monaxaziT SemovifarglebiT. 

 lema 1.1-is Tanaxmad, radganac      akmayofilebs      pirobas    

 [{       }
  

 

   |   ] iqneba (9) gantolebis dadebiTi da SemosazRvruli amonaxsni. 

gadavweroT (9) gantoleba  ̃-is terminebSi 

      ∫ [
 

       
    

 

   
  ]  〈 ̃〉 

 

 

 ∫    ̃ 

 

 

     

SevniSnoT, rom 〈 ̃〉  〈 〉 da   aris  ̃-is orTogonaluri  ̃ martingali. 

 Tu msgavsad          gamomdinareobisa            -Tvis gamoviyenebT jer 

itos formulas da pirobiTi lodinis Tvisebebs, xolo Semdeg         da 

  

 
  

  
  

   
    

  

       
 utolobebs, yoveli    -Tvis miviRebT  ̃-is BMO normis 

Sefasebas makenhauftis    mudmivis saSualebiT: 

‖ ̃‖
     ̃ 

 
 

       

      
(  (    )   )  

Teorema 1.1 damtkicebulia. 
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$ 1.2 BMO martingalebis girsanovis gardaqmna da  

misi kavSiri Seqceul gantolebebTan   

 davuSvaT   uwyveti lokaluri  -martingalia iseTi, rom      Tanabrad 

integrebadi martingalia da vTqvaT   ̃         . yovel   uwyvet lokalur 

martingals SevusabamoT procesi  ̃  〈   〉   , romelic girsanovis Teoremis 

Tanaxmad iqneba  ̃-lokaluri martingali. aRvniSnoT es asaxva  -Ti:            ̃ , 

sadac      da    ̃ , Sesabamisad, warmoadgenen   da  ̃ lokaluri martingalebis 

sivrceebs. 

 ganvixiloT procesi 

     ̃[〈 〉  〈 〉 |  ]   [        〈 〉  〈 〉  |  ]                                      

radgan 〈 ̃〉  〈 〉 orive albaTuri zomis mimarT, amitom cxadia, rom 

‖ ‖  ‖ ̃‖
     ̃ 

 
                                                                 

 davuSvaT           Teorema 1.1-is Tanaxmad romeliRac    -Tvis 

sruldeba     .      piroba pirobiT energetikul utolobebTan (kazamaki [21], gv. 

29) erTad saSualebas gvaZlevs martivad vaCvenoT, rom   procesi SemosazRvruli 

iqneba yoveli         -Tvis, rac imas niSnavs, rom   asaxvs       -s    ( ̃)-

Si. metic, kazamakim [20, 21] aCvena, rom Tu         , maSin   asaxva warmoadgens 

izomorfizms        da    ( ̃) sivrceebs Soris da daamtkica, rom yoveli 

        -Tvis adgili aqvs utolobas 

‖ ̃‖
     ̃ 

 
   

 ( ̃)  ‖ ‖      
                                                     

sadac  

  
 ( ̃)            

 
‖  ̃ [{    ( ̃)}

  
 

   |   ]‖
 

      ⁄

                            

da   iseTia, rom  

‖ ̃‖
     ̃ 

 √ (√   )                                                        

SevniSnoT, rom analogiur utolobas adgili aqvs     Seqceuli asaxvisTvisac. 
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 lema 1.1-is msgavsad SegviZlia vaCvenoT, rom yoveli         -Tvis (19)-Si 

gansazRvruli   procesi warmoadgens Semdegi BSDE-s dadebiT da SemosazRvrul 

amonaxsns  

{
      〈 〉  ∫    〈 〉 

 

 

 ∫      

 

 

    

     

                                         

 marTlac, cxadia, rom     〈 〉        lokaluri martingalia. gamomdinare 

iqidan, rom             - T. y. yoveli   [   ]-Tvis,   procesi iqneba specialuri 

semimartingali Semdegi kanonikuri gaSliT 

         ∫      

 

 

                                                       

sadac   sasruli variaciis Wvretadi procesia da     -is orTogonaluri 

lokaluri martingalia. 

 itos formulis Tanaxmad  

    〈 〉        ∫      [     〈 〉     〈 〉 ]
 

 

     

sadac   lokaluri martingalia. raki     〈 〉        lokaluri martingalia 

amitom miviRebT, rom sasruli variaciis nawili 0-is tolia, rac imas niSnavs, rom 

    〈 〉  ∫    〈 〉 
 

 
  Sesabamisad (25)-dan miviRebT, rom   akmayofilebs (24) 

gantolebas. 

 axla moviyvanoT Teorema, romelSic axleburadaa damtkicebuli   asaxvis 

izomorfizmoba da gaumjobesebulia kazamakis mier (21)-Si miRebuli izomorfizmis 

mudmivi.  

 Teorema 1.2  Tu         , maSin      ̃ warmoadgens        da 

   ( ̃) sivrceebis izomorfizms. kerZod yoveli         -Tvis adgili aqvs 

Semdeg ormxriv utolobas: 

 

(  
√ 
 

‖ ‖      )

‖ ‖       ‖ ̃‖
     ̃ 

 (  
√ 

 
‖ ̃‖

     ̃ 
) ‖ ‖                 
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 damtkiceba:  Tu                -Tvis (sadac          ) gamoviye-

nebT itos formulas, xolo Semdeg aviRebT pirobiT maTematikur lodinebs, miviRebT 

tolobas: 

            [∫            〈 〉 

 

 

|   ]  
      

 
 [∫           〈  〉 

 

 

|   ]   

  [∫ (
      

 
           

              ) 〈 〉 

 

 

|   ]   

  [ ∑                                  

     

|   ]                            

radgan yoveli        -Tvis         amozneqili funqciaa, (27)-is ukanaskneli 

wevri iqneba arauaryofiTi. amitom Semdegi utolobis gamoyenebiT 

      

 
           

               
 

      
          

(27)-dan miviRebT, rom  

            [∫            〈 〉 

 

 

|   ]  
 

      
 [∫         〈 〉 

 

 

|   ]          

radgan      , amitom  

  ‖ ‖        [〈 〉  〈 〉 |  ]   [∫           〈 〉 

 

 

|   ]  

da (28)-dan gveqneba  

  ‖ ‖        [〈 〉  〈 〉 |  ]             
 

      
 [∫         〈 〉 

 

 

|   ] 

saidanac, Tu utolobis orive mxares aviRebT Sesabamis normebs, miviRebT: 

  ‖ ‖        ‖ ‖      
   ‖ ‖         

 

      
 ‖ ‖      ‖ ‖      

   

gadavideT zRvarze rodesac     da yoveli        -Tvis gveqneba 

‖ ‖      
  (

 

 
 

 

      
‖ ‖      

 )  ‖ ‖   
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radgan      
 

 
 

 

      
‖ ‖      

  funqciis minimumi miiRweva    
√ 

√  ‖ ‖      
 

wertilze da       (  
√ 

 
‖ ‖      )

 

, amitom  

‖ ‖      
     

       
(
 

 
 

 

      
‖ ‖      

 )  ‖ ‖   

 (  
√ 

 
‖ ‖      )

 

 ‖ ‖                                                    

Sesabamisad (29) da (20)-dan gveqneba utoloba 

 

(  
√ 
 

‖ ‖      )

‖ ‖       ‖ ̃‖
     ̃ 

  

 (29) utoloba SeiZleba gamoviyenoT  ̃-is girsanovis gardaqmnisaTvis. 

 radgan     ̃⁄    
        ( ̃)    ̃  ̃       ̃  da  

 ( ̃)  〈 ̃  ̃〉   ̃     

amitom (29)-dan miviRebT Sebrunebul utolobasac: 

‖ ̃‖
     ̃ 

 (  
√ 

 
‖ ̃‖

     ̃ 
) ‖ ‖                                            

Teorema 1.2 damtkicebulia. 

 SevadaroT Cvens mier (26)-Si miRebuli  

 ( ̃)    
√ 

 
‖ ̃‖

     ̃ 
 

mudmivi kazamakis [20, 21] mier (21)-Si miRebul   ( ̃) mudmivs. radgan 

  ̃ [{    ( ̃)}
  

 
   |   ]     

  ( ̃) mudmivi iqneba √  -ze meti, sadac   iseTia, rom ‖ ̃‖
     ̃ 

 √ (√   )  

ukanaskneli utoloba eqvivalenturia   (  
√ 

 
‖ ̃‖

     ̃ 
)
 

 utolobisa da amitom 

miviRebT, rom rogorc minimum 
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  ( ̃)  
 

 
  

 ( ̃)  

 (26) utolobidan gamomdinareobs Semdegi martivi Sedegi, romelic ar 

gamomdinareobs kazamakis mier miRebuli (21) utolobidan. 

Sedegi.  davuSvaT             aris        martingalebis mimdevroba iseTi, 

rom       ‖  ‖          SemoviRoT zomebi         
     da  ̃  〈    〉     

maSin yoveli         -Tvis adgili aqvs tolobas: 

   
   

‖ ̃ ‖
       

 ‖ ‖        

 damtkiceba: Tu (26) utolobas gamoviyenebT      da     -Tvis, 

miviRebT 

‖ ̃ ‖
       

 (  
√ 

 
‖ ̃ ‖

       
) ‖  ‖        

amitom  

 

√ 
   ‖ ̃ ‖

       
⁄

 ‖  ‖       

saidanac davaskvniT, rom       ‖ ̃ ‖
       

    amjerad, Tu (26) ormxriv 

utolobaSi gadavalT zRvarze rodesac     miviRebT, rom 

‖ ‖          
   

‖ ̃ ‖
       

 ‖ ‖        

Sedegi damtkicebulia. 

 SeniSvna: SevniSnoT, rom samarTliania Teorema 1.2-is Sebrunebuli Teoremac. 

kerZod, Tu   iseTi uwyveti lokaluri martingalia, rom      Tanabrad 

integrebadia, maSin Saxermaierma [33] daamtkica, rom Tu         , maSin   asaxva 

ar aris        da      ̃  sivrceebis izomorfizmi. 
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T a v i  2 

amozneqil generatoriani Seqceuli stoqastur  

diferencialuri gantolebebi 

 rogorc SesavalSi aRvniSneT, am TavSi Cveni mizania amozneqil da kvadratul 

generatoriani Seqceuli gantolebisaTvis davamtkicoT amonaxsnis arsebobisa da 

erTaderTobis Teoremebi. anu vixilavT (1) gantolebas, rodesac   generatori aris 

amozneqili da kvadratuli zrdis. amonaxsnis arsebobis Teoremas aqvs Semdegi saxe: 

Teorema 2.1  davuSvaT {  }      filtracia uwyvetia da   BMO martingalia. 

amasTan (1) gantolebis       parametrebi akmayofileben Semdeg pirobebs: 

1)  yoveli      -Tvis           uwyveti da amozneqili funqciaa. 

2)  arsebobs iseTi arauaryofiTi Wvretadi procesi    da mudmivi    , rom 

∫        da yoveli        -Tvis adgili aqvs utolobas: 

|        |        
 

 
    

3)        ∫    〈 〉 
 
    da   ∫        〈 〉 

 

 
    romeliRac    -Tvis. 

 maSin arsebobs (1) gantolebis amonaxsni            , romelic Semdegi saxiT 

warmoidgineba: 

          
   

 [    (∫  
      )(  ∫ [          

         ] 〈 〉 

 

 

)|   ]  

sadac   aris SemosazRvrul da Wvretad marTvaTa klasi. 

 Teorema 2.1-s damtkiceba moicavs mimdinare Tavis pirvel oTx paragrafs. 

pirvel paragrafSi vaCvenebT, rom fasis procesi   warmoadgens (1) gantolebis 

superamonaxsns; meore paragrafi daeTmoba Teorema 2.1-s damtkicebas im SemTxvevaSi, 

rodesac (1) gantolebis ZiriTadi parametrebi SemosazRvrulia; mesame nawilSi 

ganvixilavT SemTxvevas, rodesac generatori da sasazRvro piroba arauaryofiTebia, 

xolo meoTxe paragrafSi davasrulebT Teorema 2.1-s damtkicebas. mexuTe paragrafSi 

moviyvanT Teorema 2.1-is mravalganzomilebian analogs. meore Tavis meeqvse nawilSi 

ki davamtkicebT amonaxsnis erTaderTobis Teoremas damatebiTi pirobebis SemTxvevaSi. 

meore Tavis bolos danarTis saxiT warmovadgenT ramodenime damxmare lemas, 

romelTac arsebiTad gamoviyenebT Teorema 2.1-is damtkicebisas. 
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$ 2.1 fasis procesi, rogorc (1) gantolebis superamonaxsni 

 ganvixiloT yoveli    -Tvis wrfivi BSDE 

{
      ∫[          

              ] 〈 〉 

 

 

 ∫     

 

 

   

     

                           

Teorema 2.1-is 2) pirobis da lema 2.14-is (ix. danarTi) Tanaxmad yoveli 

   -Tvis   ∫  
        iqneba Tanabrad integrebadi martingali. amitom SegviZlia 

SemoviRoT albaTuri zoma        ∫  
         . yovelive amis gaTvaliswinebiT 

miviRebT, rom arsebobs (6) gantolebis erTaderTi amonaxsni 

  
    [  ∫ [          

         ] 〈 〉 

 

 

|   ]  

 ganvixiloT fasis procesi            

          
   

  
         

   
  [  ∫ [          

         ] 〈 〉 

 

 

|   ]   

am warmodgenidan cxadia, rom     . 

ganmarteba 2.1  vityviT, rom           procesi aris (1) gantolebis superamo-

naxsni, Tu arsebobs iseTi zrdadi procesi          , rom   akmayofilebs 

gantolebas 

{
         ∫        〈 〉 

 

 

 ∫     

 

 

    

     

 

sadac   Wvretadi procesia, romlisTvisac ∫   
  〈 〉 

 

 
       T. y. xolo      -is 

orTogonaluri lokaluri martingalia. 

Cveni saboloo mizania vaCvenoT, rom   aris (1) gantolebis amonaxsni. is, rom 

  aris (1) gantolebis superamonaxsni, amas davamtkicebT mimdinare paragrafSi. 

amisaTvis dagvWirdeba e. w. optimalobis principi [17], romelic Cvens SemTxvevaSi ase 

Camoyalibdeba:  

winadadeba 2.1 (optimalobis principi) arsebobs   procesis marjvnidan 

uwyveti da marcxena zRvrebis mqone        modifikacia iseTi, rom  
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 a) yoveli    -Tvis    ∫ [          
         ] 〈 〉 

 

 
 iqneba supermartin-

gali    zomis mimarT. 

 b)    marTva optimaluria, maSin da mxolod maSin, rodesac    ∫ [      
   

 

 

  
      

    
 ] 〈 〉  aris martingali    

 zomis mimarT. 

 moviyvanoT am paragrafis ZiriTadi Sedegi winadadebis saxiT: 

 winadadeba 2.2  davuSvaT                 martingalia da (1) gantolebis 

      parametrebi akmayofileben Semdeg pirobebs: 

1) yoveli      -Tvis           uwyveti da amozneqili funqciaa. 

2) arsebobs iseTi arauaryofiTi Wvretadi procesi    da mudmivi    , rom 

∫        da yoveli        -Tvis adgili aqvs utolobas: 

|        |        
 

 
    

maSin           procesi iqneba (1) gantolebis superamonaxsni. 

damtkiceba: winadadeba 2.1-is Tanaxmad    ∫ [          
         ] 〈 〉 

 

 
   -

supermartingalia. amitom igive procesi iqneba  -semimartingali. aqedan gamomdinare 

  procesic iqneba  -semimartingali. davuSvaT 

         ∫      

 

 

                                                           

warmoadgens  -s semimartingalur gaSlas, sadac   sasruli variaciis procesia;   

Wvretadi procesia, romlisTvisac ∫   
  〈 〉 

 

 
       T. y. xolo      -is orTogo-

naluri lokaluri martingalia ( -s martingaluri nawilis gasaSlelad gamoviyeneT 

kunita-vatanabes [24] gaSla).  -s am gaSlis gamoyenebiT miviRebT tolobebs 

   ∫ [          
         ] 〈 〉 

 

 

  

       ∫ [          
         ] 〈 〉 

 

 

 ∫      

 

 

     

       ∫ [          
         ] 〈 〉 

 

 

 ∫      
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 ∫     
        〈 〉 

 

 

 ∫     
        〈 〉 

 

 

     

    ∫      

 

 

 ∫     
        〈 〉 

 

 

       ∫ [          
              ] 〈 〉 

 

 

  

girsanovis Teoremis Tanaxmad ∫    ∫   
     〈 〉 da   iqnebian orTogonaluri 

  -lokaluri martingalebi. amitom    ∫ [          
              ] 〈 〉 

 

 
 iqneba 

klebadi procesi. radgan    araa damokidebuli  -ze, aseve klebadi iqneba 

          
   

∫ [          
              ] 〈 〉 

 

 

  

 vaCvenoT, rom  

       
   

∫ [          
              ] 〈 〉 

 

 

 ∫         〈 〉 

 

 

  

 lema 2.15-is Tanaxmad (ix. danarTi) 

       
    

[          
              ]        

     
      

        
             

sadac    {    |     |   } xolo    funqcias aqvs saxe: 

              [         
           ]    | |           

        [          
            ]  

es toloba aCvenebs, rom marTvaTa    klasSi     miiRweva            

   | |             marTvaze. amitom samarTliani iqneba Semdegi toloba: 

       
    

∫ [          
              ] 〈 〉 

 

 

  

 ∫        
    

[          
              ]  〈 〉 

 

 

  

amasTan   T. y. adgili aqvs                  zrdadobiT krebadobas da yoveli  -

Tvis                            
           

  T. y. adgili eqneba Semdeg utolobebs  
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∫          〈 〉 

 

 

 ∫        〈 〉 

 

 

 ∫   
         〈 〉 

 

 

  

  ∫    〈 〉 

 

 

 ∫        |  | 〈 〉 

 

 

  

  ∫    〈 〉 

 

 

 √∫          〈 〉 

 

 

 √∫ |  |  〈 〉 

 

 

     

aqedan gamomdinare, monotonuri krebadobis TeoremiT adgili eqneba integralebis   

T. y. krebadobas 

∫          〈 〉 

 

 

   ∫         〈 〉 

 

 

  

yovelive amis gaTvaliswinebiT miviRebT tolobaTa Semdeg jaWvs: 

       
   

∫ [          
              ] 〈 〉 

 

 

  

    
 

{       
    

∫ [          
              ] 〈 〉 

 

 

}   

    
   

       
    

∫ [          
              ] 〈 〉 

 

 

  

    
   

∫        
    

[          
              ]  〈 〉 

 

 

  

    
   

∫          〈 〉 

 

 

 ∫         〈 〉 

 

 

  

es niSnavs, rom        ∫         〈 〉 
 

 
 iqneba klebadi procesi. maSin cxadia, 

rom   iqneba zrdadi. Tu    -Si CavsvamT        ∫         〈 〉 
 

 
-s miviRebT, rom 

         ∫        〈 〉 

 

 

 ∫     

 

 

    

rac niSnavs imas, rom   aris (1) gantolebis superamonaxsni. 

winadadeba 2.2 damtkicebulia.   
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$ 2.2 SemosazRvruli maxasiaTeblebis SemTxveva 

 am paragrafSi davuSvebT, rom   〈 〉  da ∫   
  〈 〉 

 

 
 SemosazRvruli SemTxve-

viTi sidideebia da am SemTxvevaSi davamtkicebT, rom fasis procesi   warmoadgens 

(1) gantolebis SemosazRvrul amonaxsns. 

 winadadeba 2.3    procesi SemosazRvrulia.  

damtkiceba: davuSvaT   〈 〉  da ∫   
  〈 〉 

 

 
 SemTxveviTi sidideebi Semosaz-

Rvrulia erTidaimave   mudmiviT.  -is amozneqilobidan gamomdinare gveqneba, rom 

          
                 da Teorema 2.1-is 2) pirobis ZaliT |      |      am 

ori utolobis gamoyenebiT miviRebT 

          
   

  [  ∫ [          
         ] 〈 〉 

 

 

|   ]   

        
   

  [‖ ‖  ∫        〈 〉 

 

 

|   ]   

        
   

  [‖ ‖  ∫    〈 〉 

 

 

|   ]   

 ‖ ‖  ‖∫    〈 〉 

 

 

‖
 

     

meores mxriv      marTvisaTvis gveqneba 

      
[  ∫ [      

     
      

    
 ] 〈 〉 

 

 

|   ]   

  ‖ ‖     
[∫        〈 〉 

 

 

|   ]   

  ‖ ‖     
[∫    〈 〉 

 

 

|   ]   

  ‖ ‖  ‖∫    〈 〉 

 

 

‖
 

         

es niSnavs imas, rom   iqneba SemosazRvruli    mudmiviT. 

winadadeba 2.3 damtkicebulia. 
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 yoveli    -Tvis SemoviRoT procesi: 

  
         

    

  [  ∫ [          
         ] 〈 〉 

 

 

|   ]  

sadac    aris  -iT SemosazRvrul Wvretad marTvaTa klasi. cxadia, rom yoveli 

  [   ]-Tvis   
     da   T. y.             

 , magram Cven gvWirdeba vaCvenoT, 

rom albaToba im  -ebisa, romelTaTvisac yoveli   [   ]-Tvis         
     

     , tolia erTis. swored amas ambobs Semdegi lema: 

 lema 2.1    da    procesebisaTvis samarTliania Semdegi toloba: 

 (       
   

  
                    [   ])     

 damtkiceba: rogorc zemoT aRvniSneT   T. y.          
          

  yoveli 

  [   ]-Tvis.    -Tvis ganvixiloT procesi   
    

  ∫        〈 〉 
 

 
.     

   ∫   
        iyos      marTvis Sesabamisi zoma. cxadia, rom nebismieri    -

Tvis      . winadadeba 2.1-is Tanaxmad   
    

  ∫        〈 〉 
 

 
 da       

∫        〈 〉 
 

 
 arian marjvnidan uwyveti   -supermartingalebi. anu Sedegad gvaqvs 

marjvnidan uwyveti   -supermartingalebis zrdadi mimdevroba          amasTan 

yoveli   [   ]-Tvis   T. y. adgili aqvs tolobebs: 

      ∫        〈 〉 

 

 

    
   

[  
  ∫        〈 〉 

 

 

]   

    
 

[  
  ∫        〈 〉 

 

 

]     
 

  
   

Teorema T16-is [14] Tanaxmad radganac        marjvnidan uwyvetia, amitom  

  (   ∫        〈 〉 

 

 

    
 

[  
  ∫        〈 〉 

 

 

]          [   ] )     

gamomdinare iqidan, rom     [  
  ∫        〈 〉 

 

 
]        

  ∫        〈 〉 
 

 
, 

         
          

  da   da    zomebi eqvivalenturia, miviRebT, rom  

 (       
   

  
                    [   ])     

lema 2.1 damtkicebulia. 

 amjerad gamoviyvanoT    procesis Sesabamisi Seqceuli gantoleba. 
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 winadadeba 2.4     procesi akmayofilebs Semdeg Seqceul gantolebas: 

{
      ∫         〈 〉 

 

 

 ∫     

 

 

    

     

                                         

damtkiceba: winadadeba 2.1-is Tanaxmad yoveli     -Tvis   
  ∫ [        

 

 

  
         ] 〈 〉    -supermartingalia. amitom   

  iqneba   semimartingali da 

adgili eqneba mis semimartingalur gaSlas: 

  
    

    
  ∫   

    

 

 

   
   

sadac    sasruli variaciis procesia;    Wvretadi procesia, romlisTvisac 

∫    
    〈 〉 

 

 
       T. y. xolo       -is orTogonaluri lokaluri martingalia. 

imave meTodiT, rogorc es gavakeTeT winadadeba 2.2-is SemTxvevaSi miviRebT, rom  

  
         

    

∫ [          
          

     ] 〈 〉 

 

 

  

   
  ∫        

    

[          
          

     ]  〈 〉 

 

 

  

   
  ∫       

   〈 〉 

 

 

 

iqneba klebadi procesi. radganac      marTvebis mniSvnelobaTa simravle 

kompaqtia, amitom arsebobs optimaluri       marTva ([16] da [10]). Sesabamisad 

winadadeba 2.1-is Tanaxmad  

  
  ∫ [      

     
      

    
 ] 〈 〉 

 

 

 

iqneba    
-martingali. aqedan ki davaskvniT, rom  

  
  ∫ [      

     
      

     
    

  ] 〈 〉 

 

 

    

yovelive amis gamoyenebiT gveqneba, rom  
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   ∫        

    

[          
          

     ]  〈 〉 

 

 

  ∫       
   〈 〉 

 

 

  

Tu miRebul gamosaxulebas CavsvamT   -is semimartingalur gaSlaSi, miviRebT 

{
 

 
  

    
  ∫       

   〈 〉 

 

 

 ∫  
    

 

 

   
  

  
    

                                       

winadadeba 2.4 damtkicebulia. 

amjerad ukve mzada varT, rom   〈 〉  da ∫   
  〈 〉 

 

 
-is SemosazRvrulobis 

pirobebSi davamtkicoT, rom   aris (1) gantolebis amonaxsni. amisaTvis dagvWirdeba 

e. w. monotonuri stabilurobis lema, romelic brounis filtraciis SemTxvevaSi 

damtkicebul iqna kobilanskis [22] mier, xolo Semdeg morlesma [30] ganazogada 

uwyveti martingalebis SemTxvevaSi. Cvens SemTxvevaSi lema miiRebs Semdeg saxes: 

lema 2.2 (monotonuri stabilurobis) ganvixiloT (1) gantoleba       

parametrebiT. davuSvaT mocemulia parametrebis mimdevroba        , romelic akmayo-

filebs Semdeg pirobebs: 

1)    T. y. da yoveli  -Tvis            mimdevroba  -ze zrdadobiT, 

xolo  -is yovel kompaqtur qvesimravleze Tanabrad miiswrafis         -isken 

(amasTan   uwyvetia   argumentis mimarT). 

2) yoveli  -Tvis    aris kvadratulad mzardi generatori  -isgan 

damoukidebeli parametrebiT. anu arsebobs iseTi arauaryofiTi Wvretadi procesi  ̅  

da mudmivi  ̅   , rom yoveli  -Tvis sruldeba |       |   ̅   ̅   sadac 

‖∫  ̅  〈 〉 
 

 
‖

 
     

3)            -zomad, Tanabrad SemosazRvrul SemTxveviT sidideTa mimdev-

robaa, romelic   T. y. zrdadobiT miiswrafis   SemTxveviTi sididisaken. 

Tu yoveli  -Tvis arsebobs         parametrebis Sesamabisi BSDE-s 

           amonaxsni iseTi, rom    zrdadia, maSin            mimdevroba 

miiswrafis       parametrebis Sesamabisi BSDE-s   ̃  ̃  ̃  amonaxsnisaken Semdegi 

azriT:  

   
   

 (    
  [   ]

|  
   ̃ |)           

   
 (∫ | ̃    

 |
 
 〈 〉 

 

 

 | ̃    
 |

 
)     
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SevamowmoT lema 2.2-is pirobebi Cveni parametrebis SemTxvevaSi. Cvens 

SemTxvevaSi parametrebia       .   -is ganmartebidan cxadia, rom         mimdevroba 

zrdadobiT miiswrafis   generatorisaken. amasTan, radganac    da     argumentis 

uwyveti funqciebia, krebadoba iqneba Tanabari  -is nebismier kompaqtur qvesim-

ravleze. sasazRvro piroba   SemosazRvrulia da araa  -ze damokidebuli. 

winadadeba 2.4-is Tanaxmad            sameuli aris        parametrebis Sesabamisi 

BSDE-s amonaxsni, romlisTvisac    aris zrdadi mimdevroba. ase rom Sesamowmebeli 

dagvrCa lema 2.2-is mxolod 2) piroba. amisaTvis unda vipovoT iseTi procesi  ̅  da 

mudmivi  ̅   , rom yoveli  -Tvis sruldebodes |       |   ̅   ̅   utoloba.  

  -is ganmartebidan gveqneba, rom                   
 

 
   xolo qveda 

sazRvrisaTvis ki gvaqvs 

                         
            |  

      |  | |   

     
 

 
 |  

      |  | |       
 

 
|     |  

 

 
| |            

  
 

 
| |   

aviRoT  ̅           
 ,   ̅  

   

 
 da   -isTvis miviRebT sasurvel Sefasebas 

|       |   ̅   ̅  . gamomdinare iqidan, rom 〈 〉  da ∫   
  〈 〉 

 

 
 

SemosazRvrulebia, miviRebT, rom ∫  ̅  〈 〉 
 

 
-c aseve iqneba SemosazRvruli.  

axla ukve mzada varT gamoviyenoT monotonuri stabilurobis lema. Sedegad 

ki gveqneba, rom arsebobs sameuli   ̃      iseTi, rom adgili aqvs krebadobebs: 

   
   

 (    
  [   ]

|  
   ̃ |)           

   
 (∫ |     

 |  〈 〉 

 

 

 |     
 | )     

Tu (32) gantolebis orive mxares gadavalT zRvarze roca     miviRebT, 

rom   ̃      sameuli aris (1) gantolebis amonaxsni. magram lema 2.1-is Tanaxmad   

da  ̃ ganurCeveli procesebia. amitom   iqneba (1) gantolebis SemosazRvruli 

amonaxsni. 
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$ 2.3 arauaryofiTi       parametrebis SemTxveva  

 am paragrafSi davamtkicebT Teorema 2.1-s im SemTxvevaSi, rodesac   genera-

tori da   sasazRvro piroba arauaryofiTebia. manamde ki davamtkicoT lema, 

romelic (1) gantolebis nebismieri SemosazRvruli amonaxsnisaTvis gvaZlevs 

apriorul Sefasebas. 

 lema 2.3  Tu ‖ ‖  ‖∫    〈 〉 
 

 
‖

 
  , maSin (1) gantolebis yoveli Semo-

sazRvruli   amonaxsnisaTvis adgili aqvs utolobas: 

   
 

 
   [     ∫    〈 〉 

 
 |   ]  

 damtkiceba: itos formulis Tanaxmad  

      ∫    〈 〉 
 
        ∫       ∫    〈 〉 

 
         〈 〉 

 

 

  

  ∫       ∫    〈 〉 
 
      

 

 

  ∫       ∫    〈 〉 
 
    

 

 

  

  ∫       ∫    〈 〉 
 
    〈 〉 

 

 

 
  

 
∫       ∫    〈 〉 

 
   

  〈 〉 

 

 

  

 
  

 
∫       ∫    〈 〉 

 
  〈 〉 

 

 

                                                     

radgan            
 

 
  

  miviRebT, rom  

  ∫       ∫    〈 〉 
 
         〈 〉 

 

 

  ∫       ∫    〈 〉 
 
    〈 〉 

 

 

  

 
  

 
∫       ∫    〈 〉 

 
   

  〈 〉 

 

 

  ∫       ∫    〈 〉 
 
 (

 

 
  

            )  〈 〉 

 

 

 

iqneba zrdadi procesi. Sesabamisad radganac    -Si stoqasturi integralebi 

martingalebia, gveqneba, rom       ∫    〈 〉 
 
  aris submartingali. amitom misTvis 

samarTliani iqneba submartingaluri utoloba: 

      ∫    〈 〉 
 
   [     ∫    〈 〉 

 
 |   ] 

saidanac martivad miviRebT, rom  
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   [     ∫    〈 〉 

 
 |   ]  

lema 2.3 damtkicebulia. 

 winadadeba 2.5  davuSvaT sruldeba Teorema 2.1-is pirobebi da   da   

arauaryofiTebia. maSin arsebobs (1) gantolebis amonaxsni        , sadac   

warmodgeba Semdegi saxiT 

          
   

  [  ∫ [          
         ] 〈 〉 

 

 

|   ]  

 damtkiceba:  vTqvaT       , SemoviRoT gaCerebis momentebis mimdevroba 

      {      ∫   
  〈 〉 

 

 

 〈 〉   }   

yoveli  -Tvis ganvixiloT gantoleba: 

{
      ∫               〈 〉 

 

 

 ∫     

 

 

    

      

                                  

 

 imisaTvis, rom yoveli  -Tvis amovxsnaT (33) gantoleba, unda gamoviyenoT $ 

2.2-Si miRebuli Sedegi. amisaTvis sakmarisia SevamowmoT monotonuri stabilurobis 

lemis 2) piroba (        
      )

   
 generatorebisaTvis, sadac    funqciebi gan-

martebulia lema 2.15-Si (ix. danarTi). yoveli  -Tvis aviRoT  ̅  
   

 
 da  

 ̅ 
           

        
  . cxadia, rom adgili eqneba Sefasebas 

|        
      |   ̅ 

   ̅   

xolo    gaCerebis momentis ganmartebidan advilad miviRebT, rom ∫  ̅ 
  〈 〉 

 

 
 

SemosazRvrulia  -ze damokidebuli mudmiviT. 

 amitom $ 2.2–is Tanaxmad miviRebT, rom yoveli  -Tvis arsebobs (33) 

gantolebis SemosazRvruli            amonaxsni 
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{
 

 
  

    
  ∫             

   〈 〉 

 

 

 ∫  
    

 

 

   
  

  
     

                                  

sadac   -s aqvs saxe: 

  
         

   
 [    (∫         

      )(  

 ∫        [          
         ] 〈 〉 

 

 

)|  ]  

 martivi gamoTvlebiT miviRebT, rom  

  
         

   
 [        (∫  

      )(   ∫ [          
         ] 〈 〉 

  

    

)|  ]  

 amasTan SemovitanoT fasis procesi    

          
   

  [  ∫ [          
         ] 〈 〉 

 

 

|   ]  

Tavdapirvelad Cveni mizania vaCvenoT, rom         zrdadia da          
   

 lema 2.4  yoveli    -Tvis        . 

 damtkiceba: SevniSnoT, rom radgan   arauaryofiTia da    aris (33) 

gantolebis SemosazRvruli amonaxsni, amitom yoveli  -Tvis    iqneba 

supermartingali. 

 simartivisaTvis SemoviRoT Semdegi aRniSvnebi: 

                  
           

  
      [        (∫  

      )(   ∫         〈 〉 

  

    

)|  ]  

ase rom   
              

     da   
                

      . 

 Cven unda davamtkicoT, rom   
    

    da amisaTvis sakmarisia vaCvenoT, rom 

yoveli  ̃   -Tvis   
   ̃    

   . 

  
   ̃   [        (∫  

   ̃   )(   ∫      ̃   〈 〉 

  

    

)|  ]   
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  [        (∫  
   ̃   ) [  |     ]|  ]   

  [        (∫  
   ̃   )∫      ̃   〈 〉 

  

    

|   ]   

  [        (∫  
   ̃   ) [    |     ]|  ]   

  [        (∫  
   ̃   )∫      ̃   〈 〉 

  

    

|   ] 

xolo   
   -Tvis gvaqvs warmodgena: 

  
           

   
 [            

(∫  
      )(     ∫         〈 〉 

    

      

)|  ]   

        
   

 [            
(∫  

      ) (     ∫         〈 〉 

  

    

 ∫         〈 〉 

    

           

)|  ]   

        
   

{ [            
(∫  

      )∫         〈 〉 

  

    

|   ]

  [            
(∫  

      )(     ∫         〈 〉 

    

           

)|  ]}   

        
   

{ [        (∫  
      )∫         〈 〉 

  

    

|   ]

  [        (∫  
      ) [                 

(∫  
      )(    

 ∫         〈 〉 

    

           

)|     ]|   ]}   

        
   

{ [        (∫  
      )     

      |  ]

  [        (∫  
      )∫         〈 〉 

  

    

|   ]}  

SemoviRoT marTvaTa axali klasi    
  {                ̃        }. radgan    

    

da   
    -s gaaCnia mesris Tviseba ([17]), amitom miviRebT utolobaTa Semdeg jaWvs:  
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{ [        (∫  
      )     

      |  ]

  [        (∫  
      )∫         〈 〉 

  

    

|   ]}   

        
     

 
 [        (∫  

      )     
      |  ]   

  [        (∫  
   ̃   )∫      ̃   〈 〉 

  

    

|   ]   

  [        (∫  
   ̃   )        

     
 

     
      |   ]   

  [        (∫  
   ̃   )∫      ̃   〈 〉 

  

    

|   ]   

  [        (∫  
   ̃   )     

   |   ]   

  [        (∫  
   ̃   )∫      ̃   〈 〉 

  

    

|   ]   

  [        (∫  
   ̃   ) [    |     ]|   ]   

  [        (∫  
   ̃   )∫      ̃   〈 〉 

  

    

|   ]    
   ̃   

es ki niSnavs, rom   
    

   . 

lema 2.4 damtkicebulia. 

 SemoviRoT procesi          
        

 . Cveni mizania davamtkicoT, rom 

     . Tavdapirvelad vaCvenebT, rom      . amisaTvis dagvWirdeba Semdegi  

 lema 2.5  yoveli    -Tvis da   [   ]-Tvis SemTxveviT sidideTa ojaxi 

{           (∫  
      )(   ∫         〈 〉 

  

    

)}

   

 

Tanabrad integrebadia. 
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damtkiceba:  rogorc viciT yoveli    -Tvis ∫   
           da  

        (∫  
      )      (∫  

       ) 

sadac       . radgan ∫   
          

  

 
 ∫   

          
    

 
, amitom yoveli    -

Tvis adgili eqneba utolobas 

‖∫  
       ‖

    

 ‖∫  
      ‖

    

                                    

kazamakis [21] Sedegis mixedviT arsebobs iseTi     da     , rom yoveli  -Tvis 

 [{    (∫  
       )}

 

|   ]      

sadac   da     -isgan damoukidebeli mudmivebia. 

 axla aviRoT          ̃  
 

   
   da  ̃ iseTi, rom 

 

 ̃
 

 

 ̃
  . helderis 

utolobiT miviRebT, rom 

   
 

 |  |
       

 
{ |    (∫  

       )|
   

 |   ∫         〈 〉 

  

    

|

   

}   

    
 

[{ |    (∫  
       )|

      ̃

}

 
 ̃

 { |   ∫         〈 〉 

  

    

|

      ̃

}

 
 ̃

]   

    
 

[{ |    (∫  
       )|

 

}

 
 ̃

 { |   ∫         〈 〉 

  

    

|

      ̃

}

 
 ̃

]   

     
 
 ̃     

 
{       ̃  [ |  |      ̃   (∫ |       | 〈 〉 

  

    

)

      ̃

]}

 
 ̃

  

  
    

 
 ̃  (  )

 
 ̃  { | |      ̃   (∫ |       | 〈 〉 

 

 

)

      ̃

}

 
 ̃

  

Teorema 2.1-is 3) pirobis Tanaxmad   eqsponencialur xarisxSi integrebadi SemTxve-

viTi sididea da amitom  | |      ̃   . amasTan erTad gvWirdeba, rom 
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 (∫ |       | 〈 〉 
 

 
)
      ̃

  . radgan    , amitom arsebobs iseTi mudmivi  , rom 

|  |   . aqedan gamomdinare miviRebT: 

 (∫ |       | 〈 〉 

 

 

)

      ̃

  (∫ |          
         | 〈 〉 

 

 

)

      ̃

  

        ̃  [ (∫ |       | 〈 〉 

 

 

)

      ̃

        ̃ (∫ |  
       | 〈 〉 

 

 

)

      ̃

]  

lema 2.13-dan (ix. danarTi),   generatoris kvadratulobidan,   ∫        -dan 

da energetikuli utolobebidan [21] miviRebT, rom   

 (∫ |       | 〈 〉 

 

 

)

      ̃

  (∫ (   
 

 
  )  〈 〉 

 

 

)

      ̃

  

  (∫    〈 〉 

 

 

 
 

 
  〈 〉 )

      ̃

    

xolo   
       -Tvis 

 (∫ |  
       | 〈 〉 

 

 

)

      ̃

  ( ∫    〈 〉 

 

 

 (  
    

 
) 〈 〉 )

      ̃

    

anu sabolood miviReT, rom      |  |
      romeliRac    -Tvis, rac niSnavs, 

rom {  }    ojaxi Tanabrad integrebadia. 

lema 2.5 damtkicebulia. 

 lema 2.6            T. y. 

 damtkiceba: lema 2.5-is Tanaxmad gveqneba 

      
 

  
     

 
       

   
 [        (∫  

      )(   ∫         〈 〉 

  

    

)|  ]   

        
   

   
 

 [        (∫  
      )(   ∫         〈 〉 

  

    

)|  ]   

        
   

 [    (∫  
      )(  ∫         〈 〉 

 

 

)|  ]      

lema 2.6 damtkicebulia. 
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 amjerad       tolobis dasamtkiceblad sakmarisia Sebrunebuli       

utolobis damtkiceba. amisaTvis gvWirdeba vaCvenoT, rom   aris supermartingali. 

  lema 2.7    procesi supermartingalia.   

 damtkiceba: $ 2.1-is Tanaxmad   aris (1) gantolebis superamonaxsni da 

radganac   generatori arauaryofiTia, amitom iqneba lokaluri supermartingali. es 

niSnavs, rom arsebobs gaCerebis momentebis iseTi mimdevroba        , rom yoveli  -

Tvis da    -Tvis adgili aqvs utolobas:  [     |  ]       . imisaTvis, rom 

miviRoT  [  |  ]     utoloba, gvWirdeba fatus lema da           toloba. amas 

davamtkicebT Semdeg lemaSi. 

  lema 2.8    procesisaTvis adgili aqvs Semdeg apriorul Sefasebas 

 [    (∫  
      )(  ∫        〈 〉 

 

 

)|  ]     
 

 
   [     ∫    〈 〉 

 
 |  ]  

 damtkiceba: lema 2.3-is Tanaxmad yoveli  -Tvis adgili aqvs utolobas: 

  
  

 

 
   [      ∫           〈 〉 

 
 |   ]  

 

 
   [ 

     ∫    〈 〉 
  
    |   ]  

Teorema 2.1-is 3) pirobis Tanaxmad utolobis orive mxares SegviZlia zRvarze 

gadasvla rodesac    . Sedegad miviRebT, rom  

   
 

 
   [     ∫    〈 〉 

 
 |   ]  

radgan      , amitom ukanaskneli Sefaseba samarTliani iqneba   procesisTvisac. 

sabolood, Tu  -s warmodgenaSi CavsvamT      marTvas, miviRebT qvemodan 

Sefasebasac 

    [    (∫  
      )(  ∫        〈 〉 

 

 

)|  ]  

lema 2.8 damtkicebulia.    

amjerad Tu  -s apriorul SefasebaSi gadavalT zRvarze, rodesac     

miviRebT, rom             . es niSnavs, rom fasis procesi uwyvetia  -Si da 

           

radgan   da   arauaryofiTebia, amitom lema 2.8-dan gveqneba, rom  -c 

arauaryofiTia. amis Sedegad fatus lemis gamoyenebiT miviRebT 
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 [  |  ]   [   
 

        |  ]     
 

    [     |  ]     
 

             

es niSnavs, rom   supermartingalia. 

lema 2.7 damtkicebulia. 

 amjerad mzada varT davamtkicoT, rom           T. y. 

 lema 2.9            T. y. 

 damtkiceba: lema 2.9-is dasamtkiceblad sakmarisia vaCvenoT, rom nebismieri  -

Tvis     . es damtkicdeba zustad iseve rogorc damtkicda lema 2.4, Tu aviRebT 

       da  -s     -is nacvlad. 

lema 2.9 damtkicebulia. 

 winadadeba 2.5-is damtkicebis dasasruleblad unda vaCvenoT, rom   aris (1) 

gantolebis amonaxsni. lema 2.3-is Tanaxmad yoveli  -Tvis sruldeba utoloba: 

  
  

 

 
   [      ∫           〈 〉 

 
 |   ]  

 

 
   [      ∫    〈 〉 

  
 |   ]  

Teorema 2.1-is 3) pirobis Tanaxmad utolobis orive mxares SegviZlia zRvarze 

gadasvla rodesac    . Sedegad miviRebT, rom  

   
 

 
   [     ∫    〈 〉 

 
 |   ]  

meores mxriv radganac    supermartingalia, amitom   
   [  

 |  ]   [  |  ]   . 

ase rom gveqneba Semdegi ormxrivi Sefaseba: 

    
     

 

 
   [     ∫    〈 〉 

 
 |   ]  

 SemoviRoT gaCerebis momentebi: 

      {     
 

 
   [     ∫    〈 〉 

 
 |   ]   }  

cxadia, rom |     
|    da |     

 |   . (34)-dan viciT, rom  

  
    

  ∫             
   〈 〉 

 

 

 ∫  
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am ukanasknelidan cxadia, rom  

     

    
  ∫           (           

 ) 〈 〉 

 

 

 ∫         
    

 

 

      

   

 SemoviRoT procesebi 

  
          

              
              

             
          

    

Sedegad miviRebT, rom    
    

    
   sameuli akmayofilebs gantolebas 

{
 

 
  

       
  ∫           (    

    ) 〈 〉 

 

 

 ∫  
       

 

 

   
     

  
        

  

                     

radgan   arauaryofiTia, amitom                                da    
     

. lema 

2.4-is Tanaxmad   
    

   , saidanac lema 2.2-is (monotomuri stabilurobis lema) 

Tanaxmad arsebobs iseTi sameuli           , romelic akmayofilebs gantolebas 

{
 

 
            ∫        (       ) 〈 〉 

 

 

 ∫        

 

 

       

         
 

                     

cxadia, rom             
              

       
 da aseve 

                          
    

                
           

   

            
         

             
  

                   

ase rom SegviZlia koreqtulad ganvsazRvroT procesi          rodesac     .  

 gadavweroT (37) gantoleba Semdegi formiT 

     
    ∫         〈 〉 

    

 

 ∫      

    

 

        

Tu gadavalT zRvarze, rodesac     miviRebT, rom [[   [[ stoqastur intervalze 

sruldeba toloba 
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      ∫        〈 〉 

 

 

 ∫     

 

 

                                            

Sesamowmebeli dagvrCa rom              . es ki cxadia, radgan, rogorc ukve 

vaCveneT,       da amasTan    uwyvetia  -Si. 

winadadeba 2.5 damtkicebulia. 

 SeniSvna 2.1  winadadeba 2.5 zustad iseve damtkicdeba Tu  -s aviRebT 

qvemodan raime mudmiviT SemosazRvruls.  

 

$ 2.4 zogadi SemTxveva: Teorema 2.1-is damtkiceba  

 am paragrafSi SemogTavazebT Teorema 2.1-is damtkicebis mokle monaxazs, 

radgan is TiTqmis iseTivea, rogorc es iyo $ 2.3–Si.  

 ganvixiloT (1) gantoleba da davuSvaT, rom sruldeba Teorema 2.1-is 

pirobebi. SemoviRoT axali albaTuri zoma   ̃     ∫   
          da axali 

generatori                 
              .  -is amozneqilobis gamo   iqneba 

amozneqili da arauaryofiTi generatori. girsanovis Teoremis da kazamakis [21] 

Sedegis Tanaxmad  ̃     ∫   
       〈 〉 

 

 
 iqneba      ̃  martingali. (1) 

gantolebasTan erTad ganvixiloT   ̃  gantoleba: 

{
 
 

 
 
      ∫        〈 ̃〉 

 

 

 ∫    ̃ 

 

 

    

     ∫        〈 〉 

 

 

 

                        ̃  

 lema 2.10  a)             sameuli (1) gantolebis amonaxsnia, maSin da mxolod 

maSin, rodesac   ̃     ∫        〈 〉 
 

 
        sameuli aris   ̃  gantolebis 

amonaxsni. 

 b) Tu ‖ ‖  ‖∫    〈 〉 
 

 
‖

 
  , maSin   ̃  gantolebis nebismieri 

SemosazRvruli amonaxsnisaTvis advili aqvs Semdeg Sefasebas: 

 ̃  
 

 
   [     ∫    〈 〉 

 
 |   ]  ∫    〈 〉 
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 damtkiceba: a) nawilis damtkiceba pirdapir gamomdinareobs girsanovis 

Teoremidan. 

 b) Tu  ̃  aris   ̃  gantolebis SemosazRvruli amonaxsni, maSin a) nawilis 

Tanaxmad  ̃  ∫        〈 〉 
 

 
 iqneba (1) gantolebis SemosazRvruli amonaxsni. lema 

2.3-is Tanaxmad  ̃  ∫        〈 〉 
 

 
-Tvis gveqneba Sefaseba 

 ̃  ∫        〈 〉 

 

 

 
 

 
   [     ∫    〈 〉 

 
 |   ] 

saidanac martivad miviRebT (39) utolobas. 

lema 2.10 damtkicebulia. 

   ̃  gantolebis Sesabamis fasis process eqneba saxe 

 ̃         
   

 ̃ [    (∫  
      ̃) (  ∫        〈 〉 

 

 

 ∫ [          
         ] 〈 ̃〉 

 

 

)|  ]  

 Semdegi lema gviCvenebs kavSirs (1) da   ̃  gantolebebis Sesabamis fasis 

procesebs Soris: 

 lema 2.11   ̃  ∫        〈 〉 
 

 
     sadac    aris (1) gantolebis Sesabamisi 

fasis procesi. 

 damtkiceba: pirvel rigSi SevniSnoT, rom   
          

          
       da  

          
                    

                  
            

          

           
                  

axla gavamartivoT     (∫   
      ̃) gamosaxuleba: 

    (∫  
      ̃)     {∫   

         ̃ 

 

 

 
 

 
∫ |  

       |
  〈 〉 

 

 

}   

    {∫   
         ̃ 

 

 

 ∫   
        ̃ 

 

 

 
 

 
∫ |  

          
      |  〈 〉 

 

 

}   
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    {∫   
          

 

 

 ∫   
         

       〈 〉 

 

 

 ∫   
         

 

 

 ∫ |  
      |  〈 〉 

 

 

 
 

 
∫ |  

       |
  〈 〉 

 

 

 ∫   
         

       〈 〉 

 

 

 
 

 
∫ |  

      |  〈 〉 

 

 

}

    {∫   
          

 

 

 
 

 
∫ |  

       |
  〈 〉 

 

 

 (∫   
         

 

 

 
 

 
∫ |  

       |
  〈 〉 

 

 

)}  
     ∫   

       

     ∫  
       

  

am gamosaxulebebis gamoyenebiT ki miviRebT 

 ̃  ∫        〈 〉 

 

 

        
   

 ̃ [    (∫  
      ̃) (  ∫        〈 〉 

 

 

 ∫ [          
         ] 〈 ̃〉 

 

 

)|  ]  ∫        〈 〉 

 

 

        
   

 ̃ [
     ∫   

       

     ∫  
       

(  ∫        〈 〉 

 

 

 ∫ [          
                ] 〈 〉 

 

 

)|  ]  ∫        〈 〉 

 

 

        
   

 [    (∫  
      )(  ∫        〈 〉 

 

 

 ∫ [          
         ] 〈 〉 

 

 

)|  ]  ∫        〈 〉 

 

 

        
   

  [  ∫ [          
         ] 〈 〉 

 

 

|   ]      

lema 2.11 damtkicebulia. 

 lema 2.10-is da lema 2.11-is Tanaxmad Teorema 2.1-is dasamtkiceblad 

sakmarisia vaCvenoT, rom fasis procesi  ̃  aris   ̃  gantolebis amonaxsni. amas (39) 

aprioruli Sefasebis gamoyenebiT vaCvenebT zustad iseve, rogorc es gavakeTeT $ 

2.3-Si arauaryofiTi   da  -s SemTxvevaSi. 

Teorema 2.1 damtkicebulia. 
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$ 2.5 (1) gantolebis mravalganzomilebiani SemTxveva 

 davuSvaT     -ganzomilebiani lokaluri martingalia, gansazRvruli marjvni-

dan uwyvet da srul filtrul albaTur sivrceze                  . SevniSnoT, 

rom  -is kvadratuli variacia 〈 〉 warmoadgens matricas komponentebiT 〈     〉 

    {     }. radganac yoveli komponenti  〈     〉 absoluturad uwyvetia 

   ∑  〈  〉 -is mimarT, amitom arsebobs Wvretadi procesi   mniSvnelobebiT     -

Si, rom  〈 〉 Semdegnairad SeiZleba warmovadginoT:  〈 〉      
    . 

 ganvixiloT Semdegi saxis Seqceuli stoqastur-diferencialuri gantoleba: 

{
      ∫          

 

 

 ∫     

 

 

    

     

                                               

sadac generatori   [   ]            aris zomadi funqcia da yoveli   

         -Tvis             aris Wvretadi;     -zomadi SemTxveviTi sididea, xolo 

{  }      mocemuli lokalurad kvadratiT integrebadi martingalia {  }      

filtraciis mimarT. wyvils        vuwodebT (40) gantolebis parametrebs. 

 vityviT, rom uwyveti  -ganzomilebiani lokaluri martingali aris     

klasidan, Tu yoveli       -Tvis     ‖ [〈  〉  〈  〉 |  ]‖ 
  , sadac     

aiReba yvela gaCerebis momentis mimarT      . 

Teorema 2.2  davuSvaT {  }      filtracia uwyvetia da   BMO martinga-

lia. amasTan parametrebi       akmayofileben Semdeg pirobebs: 

1)  yoveli      -Tvis           uwyveti da amozneqili funqciaa. 

2)  arsebobs iseTi arauaryofiTi Wvretadi procesi    da mudmivi    , rom 

    ‖ [∫      
 

 
|   ]‖

 
   da yoveli        -Tvis adgili aqvs utolobas: 

|        |        
 

 
| |   

3)        ∫      
 
    da   ∫          

 

 
    romeliRac    -Tvis. 

 maSin arsebobs (40) gantolebis amonaxsni            , romelic Semdegi 

saxiT warmoidgineba: 

          
   

 [    (∫       )(  ∫ [                  ]   

 

 

)|  ] 
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sadac   aris SemosazRvrul da Wvretad marTvaTa klasi mniSvnelobebiT   -Si: 

  {             |  |    }  

xolo    warmoadgens  -is subdiferencialis zomad versias. 

Teorema 2.2 damtkicdeba analogiurad Teorema 2.1-isa. 

 

$ 2.6 amonaxsnis erTaderToba (1) gantolebisaTvis 

 am paragrafSi Cveni mizania davamtkicoT, rom amonaxsnTa specialur klasSi 

(1) gantolebas gaaCnia erTaderTi amonaxsni.  

SemoviRoT amonaxsnTa Semdegi klasi: 

  {                ∫  〈 〉             } 

   -Tvis da    -Tvis, sadac   mudmivia Teorema 2.1-is me-2) pirobidan.  

 rogorc wina paragrafebSi vaCveneT, sameuli         akmayofilebs (1) 

gantolebas, sadac pirveli komponenti   warmoadgens fasis process: 

          
   

  [  ∫ [          
         ] 〈 〉 

 

 

|   ]  

sadac   aris Wvretad SemosazRvrul marTvaTa klasi. 

 winadadeba 2.6 Tu        ∫    〈 〉 
 
   , maSin   ekuTvnis amonaxsnTa   klass. 

 damtkiceba: $ 2.2-is da lema 2.3-is Tanaxmad  

       
   

 [        (∫  
      )(   ∫         〈 〉 

  

    

)|  ]   

 
 

 
   [ 

     ∫    〈 〉 
  
    |   ]                                                 

sadac              da       {     ∫   
  〈 〉 

 

 
 〈 〉   }  radganac 

 
     ∫    〈 〉 

  
           ∫    〈 〉 

 
  da        ∫    〈 〉 

 
   , fatus lemis gamoyenebiT 

miviRebT, rom  



51 
 

   
   

   
 

 
   [ 

     ∫    〈 〉 
  
    |   ]  

 

 
   [     ∫    〈 〉 

 
 |  ]                     

meores mxriv    -is Tvisebis da lema 2.5-is gamoyenebiT gveqneba: 

   
   

          
   

 [        (∫  
      )(   ∫         〈 〉 

  

    

)|  ]   

        
   

   
   

    [        (∫  
      )(   ∫         〈 〉 

  

    

)|  ]   

  [    (∫  
      )(  ∫         〈 〉 

 

 

)|  ]                               

ase rom (41), (42) da (43)-dan miviRebT zemodan Sefasebas   procesisaTvis: 

   
 

 
   [     ∫    〈 〉 

 
 |   ]  

qvemodan Sesafaseblad, Tu  -s warmodgenaSi CavsvamT      marTvas, miviRebT 

 [    (∫  
      )(  ∫        〈 〉 

 

 

)|  ]      

anu sabolood  -sTvis miviRebT Semdeg apriorul Sefasebas: 

 [    (∫  
      )(  ∫        〈 〉 

 

 

)|  ]     
 

 
   [     ∫    〈 〉 

 
 |  ]  

 radganac   ∫        〈 〉 
 

 
   , amitom  

   ∫        〈 〉 

 

 

  [    (∫  
      )(  ∫        〈 〉 

 

 

)|  ]     

xolo |      |     pirobidan miviRebT  -s Semdeg Sefasebas: 

   ∫    〈 〉 

 

 

    
 

 
   [     ∫    〈 〉 

 
 |   ]  

am ukanasknelidan    ∫  〈 〉-Tvis gveqneba Sefaseba: 

  
  ∫    〈 〉 

 

 

 
 

 
   [      ∫    〈 〉 

 
 |   ]  ∫    〈 〉 
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   [      ∫    〈 〉 

 
 |  ]  

 

 
   [  ∫    〈 〉 

 
 |   ]   

 
 

 
   [      ∫    〈 〉 

 
 |   ]  

    ∫  〈 〉-is Sefasebis da dubis martingaluri utolobis gamoyenebiT 

miviRebT: 

       ∫  〈 〉     
 
 
  ( [      ∫    〈 〉 

 
 |  ])

 

  | [      ∫    〈 〉 
 
 |   ]

 

|

 
 
  

    (      ∫    〈 〉 
 
 )

 
 
          ∫    〈 〉 

 
     

qvemodan Sesafaseblad rogorc viciT   
    ∫    〈 〉 

 

 
 da         

∫    〈 〉 
 

 
. radganac                 ∫    〈 〉 

 
    miviRebT, rom    . 

winadadeba 2.6 damtkicebulia. 

 Semdeg Teoremas davamtkicebT imave meTodiT, rogorc es gaakeTes delbaenma, 

hum da riCoum [11] brounis filtraciis SemTxvevaSi. 

 Teorema 2.3 Tu arsebobs (1) gantolebis amonaxsni   klasidan, maSin is am 

klasSi erTaderTia. 

 damtkiceba: SemoviRoT marTvaTa axali klasi 

 ̃  {            (∫  
      )          [| |  ∫ |          

         | 〈 〉 

 

 

]   } 

da Sesabamisi fasis procesi 

 ̃         
   ̃

  [  ∫ [          
         ] 〈 〉 

 

 

|   ]  

Cven vaCvenebT, rom Tu   aris (1) gantolebis amonaxsni   klasidan, maSin     ̃  

yoveli   [   ]-Tvis   T. y. Tavdapirvelad vaCvenoT, rom yoveli    ̃-Tvis 

     [  ∫ [          
         ] 〈 〉 

 

 

|   ]  

simartivisaTvis SemoviRoT aRniSvna:                 
       . 
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radganac   aris (1) gantolebis amonaxsni, amitom itos formulidan da  -is amozne-

qilobis utolobidan martivad SevamowmebT, rom  

  (∫  
      )(   ∫         〈 〉 

 

 

) 

aris lokaluri supermartingali. vTqvaT         warmoadgens malokalizebel 

mimdevrobas    ∫  
       (   ∫         〈 〉 

 

 
) lokaluri supermartingalisaTvis. 

maSin supermartingalobis Tvisebidan miviRebT, rom yoveli    -Tvis  

     (∫  
      )(      ∫         〈 〉 

    

 

)   

  [   (∫  
      )(    ∫         〈 〉 

  

 

)|  ] 

rac eqvivalenturia Semdegi utolobisa 

       [        (∫  
      )(    ∫         〈 〉 

  

    

)|  ]   

   [    ∫         〈 〉 

  

    

|   ]                                            

 Cven gvWirdeba zRvarze gadasvla ukanaskneli utolobis orive mxares. 

amisaTvis SevamowmoT fatus lemis pirobebi. cxadia, rom  

|∫         〈 〉 

  

    

|  ∫ |       | 〈 〉 

 

 

 

da radgan    ̃, amitom 

  ∫ |       | 〈 〉 

 

 

    

          ojaxisaTvis sakmarisia gamoviyenoT fatus lema. cxadia, rom     

      . amitom sakmarisia miviRoT, rom          . amisaTvis dagvWirdeba Semdegi 

lema: 

 lema 2.12  [   ∫  
            ∫   

       ]    yoveli   [   ]-Tvis da 

   ̃-Tvis. 

 damtkiceba: SemoviRoT gaCerebis momentebi: 
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      {     ∫   
         〈 〉 

 

 

  }     

  ∫  
       -is ganmartebis, girsanovis Teoremis, lema 2.17-is (ix. danarTi $2.7) da  

       
 

 
                                                           

utolobis TanmimdevrobiT gamoyenebis Sedegad miviRebT utolobaTa Semdeg jaWvs: 

 [     
(∫  

      )        
(∫  

      )]  
 

 
  [∫   

         〈 〉 

    

 

]   

    ∫    〈 〉 

    

 

    ∫ |       | 〈 〉 

    

 

  

     ∫    〈 〉 
    
  

 

 
 [     

(∫  
      )        

(∫  
      )]   

 
 

 
           ∫ |       | 〈 〉 

    

 

  

es SegviZlia gadavweroT Semdegnairad: 

(  
 

 
) [     

(∫  
      )        

(∫  
      )]   

     ∫    〈 〉 
    
     ∫ |       | 〈 〉 

    

 

 
 

 
         

     ∫    〈 〉 
 
     ∫ |       | 〈 〉 

 

 

 
 

 
                                  

meores mxriv (46)-is da fatus lemis gamoyenebiT davasrulebT lemis damtkicebas 

 [  (∫  
      )     (∫  

      )]   

     
 

        
(∫  

      )        
(∫  

      )   

    
 

    [     
(∫  

      )        
(∫  

      )]   

 
  

   
   ∫    〈 〉 

 
  

  

   
  ∫ |       | 〈 〉 
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lema 2.12 damtkicebulia. 

 (45) utolobis da lema 2.12-is gamoyenebiT miviRebT 

                 
 

 
 [  (∫  

      )     (∫  
      )]  

     

 
    

ase rom (44) utolobaSi fatus lemis gamoyenebiT gveqneba 

     [  ∫         〈 〉 

 

 

|   ] 

yoveli    ̃-Tvis, rac imas niSnavs, rom     ̃ . 

amjerad saCvenebeli dagvrCa Sebrunebuli utoloba     ̃ . Tavdapirvelad 

vaCvenoT, rom  

 [  (∫  
      )     (∫  

      )]     

sadac   aris (1) gantolebis         amonaxsnis meore komponenti. aqedan aseve 

miviRebT    ∫   
       -is Tanabrad integrebadobas. SemoviRoT gaCerebis momentebi: 

      {     ∫   
         〈 〉 

 

 

 ∫   
  〈 〉 

 

 

  }    

da Sesabamisi zomebi        
 ∫   

         . gamomdinare iqidan, rom         

warmoadgens (1) gantolebis amonaxns, adgili eqneba Semdeg tolobebs: 

         ∫ [            
       ] 〈 〉 

    

 

 ∫          
        〈 〉  

    

 

       

da girsanovis Teoremis Tanaxmad 

   
[      ∫ [            

       ] 〈 〉 

    

 

]       

zustad iseve, rogorc es gavakeTeT lema 2.12-is damtkicebisas miviRebT, rom  

 [     (∫  
      )        (∫  

      )]  
 

 
   

[∫   
         〈 〉 

    

 

]   

     
[∫    〈 〉 

    

 

]      
[∫ [    

               ] 〈 〉 

    

 

]   
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[∫    〈 〉 

    

 

]      
[     ]        

     
[      ∫    〈 〉 

    

 

]        

     (      ∫    〈 〉 
    
 

)  
 

 
              

 
 

 
 [     (∫  

      )        (∫  
      )]  

aqedan ki gveqneba, rom  

(  
 

 
) [     (∫  

      )        (∫  
      )]   

 
 

 
(  

 

 
)   

[∫   
         〈 〉 

    

 

]   

     (      ∫    〈 〉 
    
 )  

 

 
              

     (   ∫  〈 〉)
 

 
 

 
                                                      

meores mxriv fatus lemis gamoyenebiT miviRebT 

 [  (∫  
      )     (∫  

      )]   

     
 

        (∫  
      )        (∫  

      )   

    
 

    [     (∫  
      )        (∫  

      )]   

 
  

   
   (   ∫  〈 〉)

 

 
 

   
        

  

   
       

ase rom {   ∫  
       }  [   ] Tanabrad integrebadi martingalia da SegviZlia 

ganvmartoT axali albaTuri zoma       ∫   
         . 

 amjerad vaCvenoT, rom    ̃. fatus lemis da (47) utolobis Tanaxmad 



57 
 

  ∫   
         〈 〉 

 

 

      
 

   ∫   
         〈 〉 

  

 

  

    
 

     ∫   
         〈 〉 

  

 

    

rac imas niSnavs, rom ∫   
          

 

 
 ∫   

         〈 〉 
 

 
 kvadratiT integrebadi  -

martingalia. 

axla vaCvenoT, rom   [∫ |            
       | 〈 〉 

 

 
]   .  -is amozneqilobis da 

kvadratulobis gamo adgili aqvs Semdeg utolobas  

            
                  

saidanac miviRebT, rom  

  [∫ [            
       ]

  〈 〉 

 

 

]    [∫    〈 〉 

 

 

]   

    ∫    〈 〉 
 
  

 

 
 [  (∫  

      )     (∫  
      )]  

     

 
              

SevniSnoT, rom  

  [∫ [            
       ] 〈 〉 

 

 

]    [∫ [            
       ]

  〈 〉 

 

 

]   

   [∫ [            
       ]

  〈 〉 

 

 

]    [     ]                          

(48) da (49)-dan miviRebT 

  [∫ [            
       ]

  〈 〉 

 

 

]    [  ]       

   [∫ [            
       ]

  〈 〉 

 

 

]    [  
  ∫    〈 〉 

 

 

]       

   [(   ∫  〈 〉)
 

]       

    (   ∫  〈 〉)
 

 
 

 
 [  (∫  

      )     (∫  
      )]  

     

 
        



58 
 

es niSnavs, rom   [∫ |            
       | 〈 〉 

 

 
]   . amjerad vaCvenoT, rom 

  | |   . cxadia, rom          da      ∫    〈 〉 
 

 
. Sesabamisad   [  ]  

          da   [  ]      [∫    〈 〉 
 

 
]   . es ki imas niSnavs, rom   

procesi ekuTvnis  ̃ marTvaTa klass. axla, radgan ∫   
          

 

 
 ∫   

         〈 〉 
 

 
 

kvadratiT integrebadi  -martingalia, girsanovis Teoremis gamoyenebiT miviRebT rom  

     [  ∫ [            
       ] 〈 〉 

 

 

|   ] 

da     ̃ , radgan    ̃. 

 SeniSvna. cxadia, rom     ̃ , radgan winadadeba 3.6-idan gamomdinare   aris 

(1) gantolebis amonaxsni   klasidan. 

Teorema 2.3 damtkicebulia. 

 Teorema 2.3-is damtkicebidan gamodis, rom Tu    , maSin    ∫   
        

Tanabrad integrebadi martingalia. sainteresoa imis garkveva, Tu ra SemTxvevaSi 

iqneba    ∫      Tanabrad integrebadi. Semdegi winadadeba nawilobriv gvaZlevs 

pasuxs am kiTxvaze. 

 winadadeba 2.7 davuSvaT   kvadratuli generatoria |      |     
 

 
   da 

        (1) gantolebis amonaxsnia iseTi, rom  

       ∫  〈 〉     

romeliRac    -Tvis. maSin yoveli      √            √       -Tvis 

   ∫        Tanabrad integrebadi martingalia [   ]-ze.  

 damtkiceba: SemoviRoT gaCerebis momentebi  

      {     ∫   
  〈 〉 

 

 

 〈 〉   }    

da Sesabamisi albaTuri zomebi    
     

  ∫         , sadac   
 

 
. Cveni 

mizania vaCvenoT, rom {   
  ∫       }

   
 ojaxi Tanabrad integrebadia, saidanac 

gamomdinareobs    ∫       -s Tanabrad integrebadoba. radgan         (1) 

gantolebis amonaxsnia, amitom 
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       ∫         〈 〉 

  

 

  ∫   
  〈 〉 

  

 

  〈 〉    

 ∫            〈 〉  
  

 

      〈 〉   

da amasTan girsanovis Teoremis Tanaxmad miviRebT, rom  

   
 

[      ]     
 

∫ [   
         ] 〈 〉 

  

 

     
 

〈 〉    

    
 

∫ [   
  

 

 
  

    ]  〈 〉 

  

 

     
 

〈 〉    

 (  
 

 
)   

 

∫   
  〈 〉 

  

 

     
 

〈 〉      
 

∫    〈 〉 

  

 

  

radgan   
 

 
, amitom ukanaskneli utoloba Semdegi saxiT SegviZlia gadavweroT: 

 

 
   

 

∫   
  〈 〉 

  

 

 
 

    
   

 

〈 〉    

 
 

    
   

 

[    ∫    〈 〉 

  

 

]  
 

    
     

gamomdinare iqidan, rom   
 

 
-Tvis 

 

    
 

 

 
 miviRebT, rom  

 

 
   

 

[∫   
  〈 〉 

  

 

 〈 〉  ]   

 
 

    
   

 

[    ∫    〈 〉 

  

 

]  
 

    
                                      

Tu mimdevrobiT gamoviyenebT    ∫        -is ganmartebas, girsanovis Teoremasa 

da (50) da (45) utolobebs, maSin miviRebT: 

 [   ( ∫      )      ( ∫      )]  
  

 
   

 

[∫   
  〈 〉 

  

 

 〈 〉  ]   

 
  

    
   

 

[    ∫    〈 〉 

  

 

]  
  

    
     



60 
 

 
  

    
   (    ∫    〈 〉 

  
 

)  
  

    
    

     

 
  

 
  

    
 
 

 
 [   ( ∫      )      ( ∫      )]  

gadavweroT ukanaskneli utoloba Semdegi formiT: 

(  
  

    
 
 

 
) [   ( ∫      )      ( ∫      )]   

 
  

    
   (    ∫    〈 〉 

  
 

)
 

 
  

    
    

     

 
  

anu Tu   
  

    
 
 

 
  , maSin radganac  

   (    ∫    〈 〉 
  
 

)     (   ∫  〈 〉)
 

   

miviRebT, rom {   
  ∫       }

   
 ojaxi Tanabrad integrebadia. ase rom unda 

SevarCioT iseTi   
 

 
, romlisTvisac  

  

    
    

ukanaskneli utoloba eqvivalenturia             utolobisa, romlisTvisac 

  (  √            √      )  

sabolood radganac   √       
 

 
, amitom miviRebT, rom    ∫          

Tanabrad integrebadi martingalia yoveli   (  √            √      )-Tvis. 

winadadeba 2.7 damtkicebulia. 

 SeniSvna. advili Sesamowmebelia, rom Tu    , maSin   (  √            

√      ), amitom Tu    , maSin   ∫       iqneba Tanabrad integrebadi 

martingali. 
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$ 2.7 danarTi 

lema 2.13:  Tu amozneqil   generators  -is mimarT gaaCnia araumetes 

kvadratuli zrdisa, maSin aseve araumetes kvadratuli zrda eqneba  -iT mis 

marcxena warmoebulsac. anu Tu arsebobs iseTi Wvretadi procesi      da iseTi 

mudmivi    , rom yoveli         -Tvis:  |        |        
 

 
  , maSin aseve 

adgili eqneba utolobas:  

|  
        |           

  

 
    

damtkiceba:  -is amozneqilobis gamo yoveli          -Tvis samarTliania 

utoloba:  

                   

     
   

          
                   

     
   

Tu aviRebT                   , miviRebT Semdeg ormxriv utolobas: 

                      
                              

aqedan gamomdinare   
 -Tvis SegviZlia davweroT Sefaseba: 

|  
        |      |                   |   |                   |   

SevafasoT es ori sidide: 

|                   |  |        |  |          |   

       
 

 
         

 

 
              

 

 
                    

  

 
    

zustad aseve miviRebT, rom |                   |           
  

 
    

 lema 2.13 damtkicebulia. 

 gavixsenoT, rom   aris SemosazRvrul, Wvretad marTvaTa klasi. 

 lema 2.14:  Tu |      |     
 

 
   da   ∫       , maSin yoveli    -

Tvis ∫  
          . 

 damtkiceba: lema 2.13-is Tanaxmad |  
      |        

  

 
   da radganac   

 , amitom arsebobs iseTi mudmivi    , rom |  |   . ase rom gveqneba 
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∫ |  
       |

  〈 〉 

 

 

 ∫ |      
  

 
  

 |
 

 〈 〉 

 

 

  

  ∫    
  〈 〉 

 

 

  ∫    〈 〉 

 

 

  ∫
   

 
  

  〈 〉 

 

 

  

   ∫   
  〈 〉 

 

 

     〈 〉  〈 〉   
    

 
   〈 〉  〈 〉    

aqedan ki radgan   ∫        , amitom miviRebT, rom ∫  
          . 

lema 2.14 damtkicebulia.   

 lema 2.15:  vTqvaT     -iT SemosazRvrul Wvretad marTvaTa klasia:    

{    |     |   }  maSin yoveli T. y. sasruli da Wvretadi   procesisaTvis 

sruldeba Semdegi toloba:   

        
    

[          
              ]        

     
      

        
            

sadac     
    {      }     {|  |    }    {       }  da  

         {     }[         
           ]   {| |    }        

  {     }[          
            ]  

 damtkiceba: ganvixiloT sami SemTxveva: 

1). Tu |  |    maSin gveqneba: 

      
     

      
        

                     
                             . 

2). Tu      maSin  -is amozneqilobis gamo yoveli     -Tvis gvaqvs utoloba: 

                 
                              

              

    
          

 (              ) (
     

    
  )  

              

    
          

             

anu rodesac     ,        -Tvis adgili aqvs utolobas: 

          
                        

            . 

3). Tu       maSin, aseve  -is amozneqilobis gamo yoveli     -Tvis miviRebT: 
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         (               ) (  

     

    
)   

 
               

    
          

               

ese igi, rodesac      ,         -Tvis adgili aqvs utolobas: 

          
                         

               

am sami SemTxvevis ganxilvis Sedegad SegviZlia davaskvnaT, rom samarTliania 

utoloba: 

      
     

      
        

             
                             . 

meores mxriv, radganac      , cxadia, rom   

      
     

      
        

           
    

[          
              ]  

sabolood ki miviRebT tolobas: 

        
    

[          
              ]        

     
      

        
             

lema 2.15 damtkicebulia.   

 lema 2.16 yoveli T. y. sasruli da Wvretadi   procesisaTvis sruldeba 

Semdegi toloba: 

        
   

[          
              ]           

 damtkiceba: lema 2.15-is Tanaxmad gveqneba Semdegi tolobebi: 

       
   

[          
              ]   

    
 

{       
    

[          
              ]}   

    
   

       
    

[          
              ]   

    
   

                  

lema 2.16 damtkicebulia. 
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 lema 2.17 Tu amozneqili   generatori akmayofilebs kvadratuli zrdis 

|      |     
 

 
   pirobas, maSin  -is marcxena warmoebulis kvadratisaTvis adgili 

aqvs Semdeg Sefasebas: 

 

 
  

                 
                

 damtkiceba:  -is amozneqilobis gamo yoveli   da  -Tvis adgili aqvs 

utolobas          
                  . aqedan da  -is kvadratulobidan 

advilad miviRebT, rom  

   
                 

                 
 

 
      

               

axla Tu ukanasknel utolobaSi CavsvamT   
 

 
  

      , gveqneba 

 

 
  

           (   
             )  

 

  
  

        

saidanac martivad miviRebT utolobas 

 

 
  

                 
                

lema 2.17 damtkicebulia. 
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T a v i  3 

arsebobis da erTaderTobis Teoremebis gamoyeneba  

wrfivi regulatoris amocanaSi da kavSiri  

belman-CitaSvilis gantolebasTan 

ganvixiloT wrfivi regulatoris amocana      : vTqvaT   gadawyvetilebebis 

simravlea, xolo   uwyveti lokaluri martingalia. yovel    -s SevusabamoT 

lokaluri martingali      . marTvebi iyos Wvretadi asaxvebi      [   ]    

da Sesabamisi albaTuri zomebi         
    , sadac    ∫      

 

 
 iseTia, rom 

      Tanabrad integrebadi martingalia. davuSvaT fasis kriteriumi Semdegi saxisaa 

                    da ganvixiloT optimizaciis amocana  

    [  (∫   )(  ∫ [           
 ] 〈 〉 

 

 

)]                              

sadac      -zomadi SemTxveviTi sididea, xolo     aiReba marTvaTa Semdegi 

klasidan: 

  {       (∫   )         [| |  ∫ |           
 | 〈 〉 

 

 

]   }  

 SemoviRoT       amocanis fasis funqcia 

          
   

  [  ∫ [           
 ] 〈 〉 

 

 

|   ]  

   procesisaTvis SegviZlia formalurad gamoviyvanoT Sesabamisi      r. 

CitaSvilis Sedegis gamoyenebiT, romelmac gamoiyvana Sesabamisi Seqceuli gantoleba 

martingalebis zogadi            sistemisaTvis.  

Teorema (CitaSvili [9]) davuSvaT            uwyveti, lokaluri martinga-

lebis ojaxia iseTi, rom 〈  〉       [   ] romeliRac Wvretadi da zrdadi   

procesisaTvis. davuSvaT, rom radon-nikodimis warmoebuli 
 〈  〉 

   
 uwyvetia  -s 

mimarT        T. y. da amasTan 

∫    
   

 〈  〉 
   

   

 

 

     
                                                           

maSin fasis procesi  
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  [  ∫           

 

 

|   ]           [   ] 

warmoadgens Semdegi gantolebis amonaxsns: 

{
      ∫   

   
[       

 〈    〉 
   

]    

 

 

    

     

                                    

(53) gantolebis amonaxsns vuwodebT       wyvils, sadac   semimartingalia,   

lokaluri martingalia, xolo       wyvili akmayofilebs (53) gantolebas. 

 Cvens SemTxvevaSi                               da   〈 〉. Tu 

 -Tvis gamoviyenebT kunita-vatanabes gaSlas, maSin miviRebT: 

   ∫      

 

 

                                                                  

sadac   Wvretadi,  -iT integrebadi procesia xolo    -is orTogonaluri loka-

luri martingalia. yvelafer amis gamoyenebiT miviRebT 

   
   

[       
 〈    〉 

   
]     

   
[             

 〈∫         〉 
 〈 〉 

]   

    
   

[                ]       
 

     
  

   

ase rom Cvens SemTxvevaSi (53) gantoleba miiRebs saxes: 

{
      ∫[     

 

     
  

 ]  〈 〉 

 

 

 ∫     

 

 

    

     

                               

SevniSnoT, rom Cvens SemTxvevaSi ar sruldeba (52) piroba da, Sesabamisad, (55) 

gantolebis amonaxsnis arseboba ar gamomdinareobs r. CitaSvilis Teoremidan ([9]). 

magram Cven SegviZlia gamoviyenoT wina TavSi damtkicebuli arsebobisa da 

erTaderTobis Teoremebi. marTlac (55) gantolebis SemTxvevaSi generators aqvs 

Semdegi saxe             
  

     
 da akmayofilebs kvadratuli zrdis pirobas  

|      |  |    |  
 

  
   |    |  
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sadac          yoveli  -Tvis da   
 

  
. ase rom Tu sruldeba pirobebi 

          ∫ | |       

           (   ∫ | | 〈 〉)
 

   da   ∫      〈 〉 
 

 
       

maSin Teorema 2.1 da 2.3-is Tanaxmad arsebobs (55) gantolebis erTaderTi amonaxsni 

  ̃     , sadac pirveli komponenti  ̃ warmoidgineba Semdegi saxiT: 

 ̃         
   ̃

 [    (∫
 

  
  )(  ∫ [     

  
 

     
]  〈 〉 

 

 

)|  ]                 

xolo marTvaTa  ̃ klasi ki Semdegnairia: 

 ̃  {       (∫
 

  
  )        [  (∫

 

  
  )(| |  ∫ |     

  
 

     
|  〈 〉 

 

 

)]   }  

Teorema 2.3-Si aseve davamtkiceT, rom   ̃      sameulis meore komponenti   

ekuTvnis  ̃ klass da is optimaluria. es ki imas niSnavs, rom  ̃ Caiwereba Semdegi 

formiT: 

 ̃   [    (∫
 

  
  )(  ∫ [     

  
 

     
]  〈 〉 

 

 

)|  ]                       

 Teorema 3.1 Tu sruldeba     da      pirobebi, maSin Wvretadi 
 

  
 procesi 

warmoadgens optimalur marTvas (51) optimizaciis amocanisaTvis. 

 damtkiceba: cxadia, rom    ̃   
 

  
   da           ̃. aqedan da-

vaskvniT, rom 
 

  
  . amitom saCvenebeli dagvrCa, rom (51)-Si maqsimumi miiRweva 

 

  
-

ze. aviRoT nebismieri    . maSin      ̃. amitom (58) da (57)-is Tanaxmad yoveli 

   -Tvis 

 [  (∫
 

  
  )(  ∫ (     

  
 

     
)  〈 〉 

 

 

)]   

  [  (∫
   

  
  )(  ∫ (     

         
 

     
)  〈 〉 

 

 

)]   

  [  (∫   )(  ∫             
   〈 〉 

 

 

)]  
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es ki imas niSnavs, rom 
 

  
 warmoadgens optimalur marTvas (51) optimizaciis 

amocanisaTvis. 

Teorema 3.1 damtkicebulia.   

 zogadobisaTvis SegviZlia ganvixiloT SemTxveva, rodesac         , 

sadac     -is orTogonaluri uwyveti lokaluri martingalia. radganac   da    

orTogonaluri lokaluri martingalebia, amitom  

    
     ( 

  ∫   )      
     (∫   )  

ase rom Tu     
   martingalia, maSin (51) optimizaciis amocana SegviZlia CavweroT 

  ̃      
     zomis mimarT: 

    [  (   ∫   )(  ∫ [           
 ] 〈 〉 

 

 

)]   

     ̃ [  (∫   )(  ∫ [           
 ] 〈 〉 

 

 

)]                              

sadac marTvaTa   klasi Semdegnairia:    , maSin da mxolod maSin, rodesac 

  ∫     Tanabrad integrebadi  ̃-martingalia da amasTan  

 ̃ [  (∫   )(| |  ∫ |           
 | 〈 〉 

 

 

)]     

 SevniSnoT, rom 〈  〉  〈 〉  〈  〉         [   ] yoveli    -Tvis. 

imisaTvis, rom gamoviyenoT CitaSvilis Teorema [9], (58) optimizaciis amocana unda 

CavweroT   procesis mimarT: 

    ̃ [  (∫   )(  ∫ [           
 ] 〈 〉 

 

 

)]   

     ̃ [  (∫   )(  ∫ [           
 ]

 〈 〉 
   

   

 

 

)] 

xolo fasis procesi ki Semdegnairad: 

          
   

 ̃ [    (∫   )(  ∫ [           
 ]

 〈 〉 
   

   

 

 

)|  ]  

 amjerad Tu gamoviyenebT (54) gaSlas miviRebT, rom   
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[      
 〈 〉 
   

 
 〈    〉 

   
]      

 〈 〉 
   

 
 

     
  

 
 〈 〉 
   

 
 〈    〉 

   
 

xolo (53) gantolebas eqneba Semdegi saxe: 

{
      ∫ [     

 

     
  

 ]  〈 〉 

 

 

 ∫     

 

 

    〈    〉  

     

                   

girsanovis Teoremis Tanaxmad   da   〈    〉 orTogonaluri  ̃-martingalebia, 

amitom isRa dagvrCenia, rom (59) gantoleba amovxsnaT  ̃ zomis mimarT. ase rom Tu 

sruldeba  

           ∫ | |        ̃  

          ̃  (   ∫ | | 〈 〉)
 

   da   ∫      〈 〉 
 

 
       

pirobebi, maSin Teorema 2.1 da 2.3-is Tanaxmad arsebobs (59) gantolebis erTaderTi 

amonaxsni   ̃  ̃  ̃  da samarTliania Semdegi Teorema: 

Teorema 3.1  davuSvaT     -is orTogonaluri uwyveti lokaluri martin-

galia iseTi, rom       zomis momcemi martingalia. amasTan Tu sruldeba      da 

      pirobebi, maSin Wvretadi 
 ̃

  
 procesi warmoadgens optimalur marTvas (58) 

optimizaciis amocanisaTvis. 
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